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4.1 Nizovi

Poglavlje 4 Nizovi i redovi



Definicija

Svaka funkcija f : N — A, gdje je A neki skup, naziva se niz.

o f:N—>N
o f:N—=R
e f:N—=>Q
e a:N—-R

Opcenito, niz a: N — R oznatavat ¢emo s (an) ey

Definicija

Za svaki niz realnih brojeva (a,),cy kaZemo da je ograni€en ako:
dM € R, M > 0 takav da je |a,| < M,Vn € N.
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Ispisite prvih nekoliko ¢lanova niza i odredite je li ogranicen, ako je
2
n
?) an =501
b) by = (=1)"
C) ¢ = !
"on+1 .
d) dn = (—1)”;
e) e, = — (sami)
3n+1
f) f,= o (sami)
g) g» = 3 (sami) )
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Rjesenje:

)1 4 9 16 Niz nii .
a) =, —, =, —,... Niz nije ogranigen.
37577797 J g
b) —1,1,—1,1,...
Imamo npr. M =2 jer je |b,| < 2,Vn € N.
GL234
2734’5’
| = —— <1,¥neN
n .
e n+1
1 11
d)—1,2,—=, -
) 27 3747
1
ldp| == < 1,¥neN.
n
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111
5’5717
1
n

e) 1,

len]| = = <1,VneN.

fyo g B3 10
5 177 26
£ = 3n+1 3n°+3
n241 n?+1
g) 3,3,3,3,...

lgn]| =3 <4,VneN.

=3,VneN.
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Za niz (an) ey kaZzemo da je

padajuéi ako je apr1 < ap,Vn € N

strogo padajuci ako je ap+1 < ap,Vn € N

rastudi ako je a, < apt1,Vn €N

strogo rastuéi ako je a, < ap+1,Vn € N

monoton ako je rastudi ili padajudi

strogo monoton ako je strogo rastudi ili strogo padajudi
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Provjerite je Ii2niz (strogo) rastudi ili (strogo) padajudi:

3) an = 2nn—|- 1

b) bn = n -7- 1

c) ¢ = %

d) dn = % (sami) J
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Rjesenje:

Y=
a) a, =
" 2n+1
?
a, < apt1,vneN
n? - (n+1)2
2n+ 1 2(n+1)+1
n? n? +2n+1
_— - (2 1)(2 3 0
i1~ angs @+ LRn+3)>

n?(2n+3) < (2n+1)(n®+2n+1)
2 +3n% < 2m4+4n*+2n+n*+2n+1
0 < 2n°+4n+1,VneN
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-~

b, < bpt1,VneN
n n+1
n+1 n+2
n(n+2) < (n+1)(n+1)
n+2n < n>+2n+1
0 < LVneN

/- (n+1)(n+2)>0
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(9]
S

= = S|k

-~

Cn+1,Vn €N
L nn+1) >0
n+1
n
0,vneN
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3n+1
d) d"_7n2+1

-~

dn > dn+]_,vn S N

3n+1 - 3(n+1)+1

n?+1 (n+1)2+1

3n+1 3n+4 5 5

— -/ - 1 2 2
211 n2+2n+2/ (n®+1)(n" +2n+2)

(Bn+1)(n?+2n+2) > (3n+4)(n®+1)
3 +6n2+6n+n>+2n+2 > 3n3+3n+4n>+4
3" +5n—-2 > 0,vYneN
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Definicija
Neka je (an)nen niz realnih brojeva. Ako postoji L € R tako da vrijedi:

Ve >0,3dnp € Nyn > ng = |ap — L| < e,

kaZemo da je L limes niza i oznaavamo sa L = “T an. Za niz koji ima
n——+00

limes kaZzemo da je konvergentan. Inace kaZzemo da je divergentan.

£ )

L—cL L+e

lap— L <e=>—-e<a,—L<e=Ll—-c<a,<Ll+¢

Limes niza je broj, takav da svaka okolina tog broja, koliko mala ona bila,
sadrzi beskona¢no mnogo ¢lanova, a istovremeno je izvan te okoline
najvise kona¢no mnogo &lanova niza.
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Svojstva konvergentnih nizova: Neka su (ap)nen i (bn)nen dva

konvergentna nizate A= |im a,i B= Ilim b,. Tada vrijedi:
n—-+o00 n—-+o00

i) (an + bn),cn je konvergentan i n—|i>rJTr]oo (an+by)=A+B

ii) Za svaki ¢ € R niz (c - ap),cy je konvergentan i n—|i>Too(C ~ap)=c-A

iii) (an - bn)pey Je konvergentan i lim (a,-b,) =A-B

n—-+o00

iv) Ako je by #0,Yn € N i B #£0, (Z

lim an —é
n—+00 b,, N B

v) (agn)neN je konvergentan i nli):,quo (agn) — AB

) je konvergentan i
n/ neN

1 .
e npr. za b, = E,VneNﬁngToo\/a_\/Z
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Primjeri nekih limesa:

i) an, = A,Vn € N je konstantni nizi lim a,=A
n—+00
.. 1. 1 . .
i) an=—1 lim = =0 (Za bilo koji € > 0 odaberemo ny € N takav da
n n—+oon
. ) 1
je — <epazan>ngimamo |a, — 0| == < — <¢)
no n no
i) a,=q", zanekig€eR
o gl <limamodaje lim ¢g"=0
n——+oo
e g=1imamodaje Ilim ¢"=1
n—+o00
e |g| > 1 niz divergira
e g=—1imamo niz —1,1,—1 1 .. pa divergira
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=yni lim Yn=1

n—-+o00

=4/a, zanekia>0i lim ya=1

n—-400

n n
:<1+1> i lim <1+1> =e
n n—-+-00 n
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Svaki ograni¢en i monoton niz je konvergentan.

Neka su (ap)nen i (bn)nen konvergentni i neka je a, < by, Vn € N. Tada je
lim a,< lim b,.

n—-+o00o n—-+o00
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Izradunajte limese sljedecih nizova:

= n ) _on+1
2 a"_n2+1' "_n2+2; ,
n“+n—1 n’+n°—1
D=y Vh="5a
4\ 2
o[ ()]
n n n

0= (VaF1-va). 2=
Mhn:<2ji>7 0@:522

1424 +n

n+2

n

5 '
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Rjesenje:
n

a) nﬂToo an = nﬂToo n+1
= lim N : n
n—+oo n+ 1
) 1
= lim )
n—+oo 1 4 =
B 1
140
= 1
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n+1

nhToon2—|—2
i n+1 n?
n—I>Toon2—}-2.n2

1 1

= 1

lim 21 <Iim 2:0)
n——+00 1+? n——+oo n
0+0
140
0
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c) (sami)

lim ¢,
n—-+o0o

mP+n—1

nﬂToo n% 42

i P +n—1

n—I>Too n?+?2

11

lim n__n

n——+o0o ]__|_%
1+0-0
1+0
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d)

lim d,
n—-+o00o

2n2 4+ 3
m+nr—-1 n
2n2 43 n3
11
n n3
7+
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e)

lim e,
n—-+o00o

lim
n—-+400

(1+0)(2-0)>(0—1)

—4
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f) Iim f, = lim (Va+1-/n)=(c0—o0)

n——+00 n——+00

V1I+0+1
= 0
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) I i 1424---+n n
m n = m - —
J n—>+oog n—+o0 n+2 2
. n(n+1) n
= m —_— = =
ns+o0 \2(n+2) 2
B n(n+1) —n(n+2)
oo 2(n+2)
. P +n—n®—=2n
= lim
n—+o0 2n+4
. —n n
= lim D=
n»+o002n+4 n
_ li -1
B n%IToo 2 — %
-1
2
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h) lim h, = lim

n—-+o00 n—-+o00
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1 n;l n—1
lim 1+ T
n—+o00 n—1
2
. 2n
1 ngl nl:Too n—1
lim [1+— (n— 400 = 51 — +00)
n—-+oo ”21
lim  —2;
en—>+oo 1-4
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i) lim i, = lim —
n—-+o0o n—+oco n
—-1< sinn <1 /:n
-1 sinn
< <=/ lim
n n n n—-+00
. —1 . sinn .
lim < m — < Ilim -
n—+oco n n—+oco n n—+oco n
N—— N——
0 ) 0
. sinn
Im — =0
n—+oco hn

Napomena: lim a, = lim ap41
n—oo n—oo
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Za niz a, odredite limes L te ny € N takav da vrijedi:
n>ny = |a, — L| < e ako je
—1)n
a) an=%+1is:0.02,

_3n2—1
-

b) an

i € =0.001. (sami)
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Rjesenje:

DA = IS
_1)n
= lim ) +1
n——4-00 n
= 0+1
= 1
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Odredimo sada ng takav da je |a, — 1| < 0.02.

—1)"
‘( ) +1-1 <
n

1
- <
n
1 <
50 <
no =

Clanovi niza nakon 51

0.02

0.02

0.02
n
51

/o

-n /:0.02

. se nalaze u okolini (1 —0.02,1 + 0.02)

L
\
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O AT = T
B i 3 +n n?
T LS S

o341
= [im ——2
n——+o00 ]_

340
N 1
= 3

Odredimo sada ng takav da je |a, — 3| < 0.001.
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2
3" —n_ 4 < o001
n2
2 2
3" —n—=3n"1 _ 0.001
n2
“1 < o001
n
1
Z < 0001 /-n
n
1 < 0.00l-n /:0.001
1000 < n
np = 1001

Clanovi niza nakon 1001. se nalaze u okolini (3 —0.001,3 + 0.001).

D
/
3 3+ 0.001
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4.2 Redovi
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Definicija

n
Neka je (an)nen niz realnih brojeva. S, =a1 +ax+---+ap = > ax
k=1
kaZzemo da je n—ta parcijalna suma niza (ap)nen.

Definicija

Uredeni par (an, Sp), gdje je a, opéi €lan niza, a S, niz pripadajucih
parcijalnih suma od a, naziva se red.
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Odredite opéi &lan reda:

yiyip iyt
Y4768 10

b) St 2 8
4916 25

Rjesenje:
1
=513
n+2
RN
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Odredite 3. i 4. parcijalnu sumu redova:

X n
a) ngl 2n—1
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3
w
1.0
S|
Wl =

==
+
N

ol
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Definicija
Za red (ap, Sp) kazemo da je konvergentan ako je S, konvergentan. Ako

postoji limes s = lim S,, kaZemo da je s suma reda (an, S,) i pisemo
n—o0

o)
s= E an.
n=1

Poglavlje 4 Nizovi i redovi ak. god. 2021./2022.



Primjer:

i 1 K . X1 1
— Konvergira | — = 1.
n=1 2n n=1 2n
L
1 32 6i4
8 1
1 16
1 2
1
4
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Kriteriji konvergencije:

Kriteriji usporedivanja

1) Neka su Z ap i Z b, redovi i neka postoji K > 0 takav da je
0<a, < K b,,,Vn E N Tada vrijedi:

[e.e]
- Ako red Z b, konvergira, konvergira i red Y ap.
n=1 n=1

(E an <K )Y, b,,)
n=1 n=1

- Ako red ) a, divergira, divergira i red Y bp.
n=1 n=1

o [o.¢]
2) Ako postoji lim an # 0, onda oba reda > a, i Y. b, ili konvergiraju
n—oo bn n=1 n=1
ili divergiraju.
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oo
D’Alembertov kriterij: Neka je > a, red s pozitivnim &lanovima i

n=1

U dn+1
postoji lim =2t
n—oo  ap

= q. Ako je:

o
- g <1, ondared ) a, konvergira.

n=1

o0
- g>1,ondared ) a, divergira.

n=1

- g =1, onda ne moZemo donijeti zaklju¢ak.
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o0
Cauchyjev kriterij: Neka je > a, red s pozitivnim &lanovima i postoji

n=1
lim /a, = q. Ako je:

n—o00

o0
- g<1,ondared ) a, konvergira.

n=1

oo
- g>1,ondared > a, divergira.

n=1

- g =1, onda ne moZemo donijeti zakljucak.
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[e.e]

Leibnitzov kriterij: Neka je > (—1)"a, alternirajuéi red. Ako vrijedi:

n=1
- ay>ay>az>---, tj. niz (a,) je padajuéi i
- lima,=0
n—oo

28]
onda red > (—1)"a, konvergira.

n=1
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Napomena:

i) Ako red Z a, konvergira, onda je I|m a, = 0. Obrat ne vrijedi.
n=1

i) Ako red Z |an| konvergira, onda konvergira i red Z an. Kazemo da
n=1
apsolutna konvergencua povladi obi¢nu konvergenciju.
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Primjeri redova:

o0
i) Geometrijski red > q"
n=1

- konvergira, ako je |g| < 1,

- divergira, ako je |g| > 1.
x 1 x 1
i) Harmonijski red >~ — divergira. Red > — konvergira ako je k > 1.
n=1" n=1N

x 1
Npr. red }  — konvergira.
n

n=1
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Ispitajte konvergenciju redova:

) ¥
noo 1
2 nz—:l (2"+%)
) §1n3+2n2+5
g 2 <2n+1)

Z )n+1 -

b ;
) n;l on (sami)
X sinn
d
) nzzjl 1+n2
o0 2 _
) ¥ L= (sami)
n=1 |2
x n!
h 0
) n=1 3n
00 1 n?
j) ~ (1+—) (sami)
n=1 n
o 1
) > (-1)mi=
n=1 n
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Rjesenje:

X n
a
)ngln+1
. . n
nlrgoan_nirgon+1_1

Red divergira jer opéi ¢lan ne tezi prema O.
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X n+1
n=1 n-2”

. dn+1 . n+1)-2n+1
lim 2% = i %
n—oo  a, n—o00 n+

Prema D’Alembertovom kriteriju, red konvergira.
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9%

n=1 (2” + 1)2
1 1
< —— =< —
~(2n+1)2 7 n?
o0 o0
Kako nz::1 % konvergira, konvergira i nZ::1 ﬁ prema 1. kriteriju
usporedivanja.
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X sinn

d) >

n=1 1 + n2
0< | sin n| < 1 - 1

~ 1+n " n?+1 " n?
21% konvergira, pa konvergira i Zl frn’;, pa naposlijetku konvergira i
n—= n=

o0 .
> 151‘,7”2 jer apsolutna konvergencija povladi i konvergenciju reda.
n=1
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00 0 n?

OUR>

s m+2n?2+5

o0 o0 1
Znamo da ) b, = > — divergira i vrijedi:
n

n=1 n=1
n2
lim 20 = fjm 2205
n—oo b, n—oo -
— | n3
T e 420215
~im n3 n3
T et 2m 45 Prema 2. kriteriju
usporedivanja, red
= lim —s—+ o9 n?
n—oo 1 ———=—5—— diver-
R + ,§1n3+2n2+5 ver
= # gira.
1+0+40
= 1#0
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2(n+1)—1
T
= |im 722;_1
n—oo0  a, n—oo >
. 2n+1
= |im

n—o0 2(2n — 1)

Prema D’Alembertovom kriteriju, red konvergira.
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lim va, = lim aj
n—oo n—oo
n ™ n
= lim
n—o00 2n+1
n n
= |lim C

nsoo2n4+1"n

n%oo2+
1

= -<1
2

Prema Cauchyjevom kriteriju, red konvergira.
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h) >
n=1
2 (n41)!
n+1 . 3n+1
dmo T T M
n 3n
nl-(n+1)
= lim 33
n—o0 n:
3!7
. n+1
= lim
n—oo 3
= o0

Prema D’'Alembertovom kriteriju, red divergira.
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20

lim 2n+L lim
n—oo  a, n—o00 ‘(%)’H‘l

4  n+1

= = lim
3n—=0c0 n
4

= =->1
3

Prema D’Alembertovom kriteriju, red divergira.
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1 1\
im v = Jm il (1+7)
1 1\"
= = lim <1+>
2 n—oo n

1
= — ]_
2e>

Prema Cauchyjevom kriteriju, red divergira.
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2>1

Prema D’'Alembertovom kriteriju, red divergira.
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) S (-1 ay = 5 (-1

n=1
ag>a>az -
im a, = lim — =0
n—oo n—oo N

Prema Leibnitzovom kriteriju, red konvergira.
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Odredite opci €lan i ispitajte konvergenciju reda:
3.1 3.2 3-4 3.

a) €/T+€@+\3/§+\3/Z+”'
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2.3
2.3
2.2
2>1

Divergira, prema D'Alembertovom kriteriju.
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2(n+1)
lim on+1l . 3n+1
n—oo  ap n—o00 2n

2n .30
. on+1
= |im

n—oo  6n

1 . n+1
= — lim
6 n—soco n

1 =1
= —-<1
6

Prema D’Alembertovom kriteriju, red konvergira.
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n—o0

lim
n—oo

lim
n—o0

lim
n—o0

V2(n+1)—1

T)+1)!

v2n—1
2n+1)!

]A

2n+
2n+3
2n—
2n+1)!

\V2n + 1

—
~

i

—

7N

2n+1

1
V2n—1 (2n+2)(2n+3)

1

)

-Iim(

2n—1 n—oo (2n+2)(2n+ 3)
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. 2n+1 n 1
= lim c— - lim
nso02n—1"n n—oo (2n+2)(2n+ 3)

o241 1
= lim - lim
n—oo 2 — = n—o0 (2n + 2)(2n + 3)

_ [2vo 1
~ V2-o0 aS%(@2nr2)(2n+3)

= 1.0

=13

= 0«1

Prema D'Alembertovom kriteriju, red konvergira.
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