Poglavlje 5

Funkcije

ak. god. 2021./2022.

Poglavlje 5 Funkcije ak. god. 2021./2022.



5.1 Osnovni pojmovi
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Definicija

Neka su X i Y skupovi, f pravilo preslikavanja elemenata skupa X u Y.
Ako Vx € X,3ly € Y takav da je f(x) = y onda uredenu trojku (X, f,Y)
nazivamo funkcija i piS§emo f : X — Y.
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Definicija

Neka je (X, f, Y) funkcija. Skup X nazivamo domena, a skup Y
kodomena funkcije f.

Definicija

Skup Imf = {y € Y : 3x € X, f(x) = y} nazivamo slika funkcije.

Definicija
Skup T'r = {(x, f(x)),x € X} C X x Y nazivamo graf funkcije.

Primjer: f: R —- R
f(x) = x?

Imf=RT ={xeR:x>0}

A

fla) =2
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Definicija

Za dvije funkcije kaZemo da su jednake ako imaju isto domenu, istu
kodomenu i isto pravilo.

Primjer:

fi:R—=R, fi(x)=x?
| L AEB
h:R—=R" H(x)=x
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Neka je f : X — Y funkcija. Za funkciju f; : AC X — Y kaZemo da je
restrikcija funkcije f na A ako je fi(x) = f(x),Vx € A i oznatavamo

fi = f|a. Za funkciju f, : A D X — Y kaZemo da je prosirenje funkcije f
na A ako je h(x) = f(x),Vx € X.

Za funkciju f : X — Y kazemo da je injekcija ako
Vx1,x2 € X, x1 # xo = f(x1) # f(x2) ili ekvivalentno,
f(Xl) = f(X2) = X1 = X2.

\

Definicija
Za funkciju f : X — Y kazemo da je surjekcija ako
Yy € Y,3x € X, f(x) =y, odnosno, Imf =Y.

Definicija

Za funkciju f : X — Y kaZemo da je bijekcija ako je i injekcija i surjekcija.
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5.2 Realna funkcija realne varijable
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f:D>RDCR

Prirodna domena funkcije (u oznaci D(f) ili D) je skup svih realnih
brojeva za koje je funkcija dobro definirana.
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Odredite prirodnu domenu funkcije:

a) f(x) = CERCED) c) f(x) i In(2x —;1) (sami)

b) f(x) = vxZ— 5x + 6 (sami) d) £ = V21 3x 2
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T (x—2)(x—5)
x#2ix#5= Df = (—00,2)J(2,5)J (5, +0) =R\ {2,5}
b) f(x) = VX2 —5x+6

x2—5x+6 > 0

5452 —4-6-1
. 21
5+ /25 — 24 —

X12 = >

Rjesenje: a) f(x)

f(z)=2® - 52 +6
xx=2 , xx=3

Dr = (=00,2]U[3, +00)
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c) f(x) =In(2x — 4)

2x —4>0=—=x>2

Df = <2,—|—OO>
9) Fl = m

flx) = —2® + 3z —2
—x?43x—2 > 0 -

1 2
—-3+V1
M= g
x1=1 , xx=2

D = (1,2)
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Neka je f : D C R — R funkcija. KaZemo da je f:

@ (strogo) rastuca ako x; < xo = f(x1) < f(x)(f(x1) < f(x2))
(strogo) padajuca ako x; < xo = f(x1) > f(x2)(f(x1) > f(x2))
parna ako je f(—x) = f(x),Vx € D
neparna ako je f(—x) = —f(x),Vx € D
periodi€na ako Ja € R takav da je f(x + a) = f(x),Vx € D
omedena ako IM € R, M > 0 takav da je |f(x)| < M,Vx € D,
tj,. —M<f(x)<M,¥xeD
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Definicija

Nekasu f: XCR—Rig:Y DImf— R funkcije. Kompozicija
funkcija f i g je funkcija h: X — R, definirana pravilom h(x) = g(f(x)).
Kompoziciju funkcija f i g oznatavamo: h = g o f, odnosno

(g o F)(x) = &(f(x))-
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Odredite fog i go f ako je:
a) f(x) =3x1ig(x)=+vx—1 (sami)

b) F0) = X2 i () =

c) f(x)=Vxig(x)=

14+ x2
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Rjesenje: a)

(fog)x)
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(Feg)x) = flgl) (&8N0 = &lix)

1 = g(Vx)
- (72 1
1 - 22
- 14 x2 1—‘1_(\f)
- 1+ x

Napomena: v/x2 = |x|, (f)2:x
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Definicija

Neka je f : X € R — Imf funkcija. Funkcija f ima inverz ako postoji
funkcija f~1 : Imf — X, takva da vrijedi (f o f71)(y) =y, y € Imf i
(Flof)(x)=x, x€X.

Poglavlje 5 Funkcije ak. god. 2021./2022.

17 /107



Nadite inverz funkcija:
a) f(x)=x-75,
b) f(x) = ——

x+1
c) f(x) = log, x.
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Rjesenje: a)y = x — 5,
x=y+5,
f~Yy)=y+5.

X
b)y=——|- 1),
)y X+1|. (x+1)
Y Y = x(1-y)=y,
X =—),

1—y y
Fiy) =2

(¥) T
c)y=logyx |2,
2y =2l = x,

fHy)=2".
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5.2.1 Elementarne funkcije
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Definicija

Neka su ag, a1,a2,--- ,a, € Ri a, # 0. Funkciju f : R — R oblika
f(x) = apx" + ap_1x""1 4 - 4 a1x + ag nazivamo polinomom n-tog
stupnja.

Svaki polinom f(x) = a,x" 4+ a,_1x" "1 + - 4 a1x + ag moZe se zapisati
u obliku f(x) = ap(x — x1)(x — x2) - - - (x — xp) gdje su x1,x2,...,x, € C
nultocke polinoma.

Ako je oo + Bi nultocka polinoma f, onda je i o« — i takoder nultotka tog
polinoma, pa imamo:

(x=(a+pN))(x=(a=pi)) = (x—a—Fi)(x—a+pi
= (x—a)*—(Bi)? :
= x®—2xa+a?+p3?

odnosno, polinom moZemo rastaviti na linearne i kvadratne ¢lanove s
realnim koeficijentima.
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Definicija
Neka su Pm(x) i Qn(x) polinomi m-tog, odnosno n-tog stupnja. Funkciju

N

nazivamo racionalna funkcija.

oblika f(x) = £

Ako je m < n kaZzemo da je racionalna funkcija prava. Nepravu racionalnu

funkciju f(x) = g’"((x))7 m > n moZemo zapisati kao

F(x) = Rmn(x) + 2%, t < n
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Pm(x
Qn(x)

Rastav prave racionalne funkcije f(x) = na parcijalne

razlomke:
Qn(x) faktoriziramo na linearne i kvadratne faktore:

@ Ako se u rastavu pojavi (x — xp)®, onda u rastavu na parcijalne
razlomke imamo

A1 4 A + + L
x—xp (x—x0)? (x —x0)°

@ Ako se u rastavu pojavi (x? 4 ax + b)t, onda u rastavu na parcijalne
razlomke imamo
Aix + B Aox + Bo Aix + By
x2+ax+b (x?+ ax+ b)? (x2 + ax + b)t
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Rastavite na parcijalne razlomke racionalnu funkciju
) Q=55
2x* —3x+5
b) QX = =D =3)
c) Q(x) = = 22021 1) (sami)
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Rjesenje: a)

1 1 1
=16 (-2 +4)  (x-2)(x+2)(x2+4)
(x—z)(sz)(x2+4) = xé2+xi2+i§if [ (x =2+ 2)0¢ +4)
1 = Ax+2)(x®+4)+B(x —2)(x®*+4) + (Cx+ D)(x +2)(x — 2)
1 = AQGS+4x+2x%+8) + B(x® + 4x — 2x*> — 8) + (Cx + D)(x® — 4)
1 = A +4Ax+2Ax% +8A+ Bx3 4 4Bx —2Bx?> — 8B + Cx3 — 4Cx + Dx? — 4D
1 = x3A+B+C)+x%(2A—2B+ D)+ x(4A+ 4B —4C) + (8A — 8B — 4D)

Dva su polinoma jednaka ako su koeficijenti uz odgovarajuce potencije
jednaki.
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0
0
0
1

A+B+C
2A-2B+D

4A + 4B — 4C
8A 8B — 4D

— _ —
coco -~ ______._ O HINO —Is
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1
b=-3
C =
1
T3
A+B+C=
1
T 32
1 N S B
(x —2)(x 4+ 2)(x% + 4) x—2 x42 x?>+4
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2x2 —3x+5 A B C

(x+2)(x —1)(x —3) - x—|—2+x—1+x—3 /e 2) = 1)(x = 3)
22 -3x+5 = A(x—1)(x—3)+B(x+2)(x—3)+ C(x+2)(x — 1)
2x> —3x+5 = A(x>—4x+3)+B(x* —x—6)+ C(x>+x—2)

2x?> —3x+5 = Ax? —4Ax+3A+ Bx?> — Bx—6B + Cx?> 4+ Cx — 2C

22 -3x+5 = x*(A+B+C)+x(—4A—-B+C)+(3A—6B—2C)
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—4A-B+C
3A— 6B —2C
1 1

—4 -1

| 3 -6
(1 1 1,

~ 03 5|
|0 0 10!
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D=-
5
3B+5C = 5
7
3B 5-5. -
5
3B = -2
B - -2
3
A+B+C = 2
A= 2427
9% °
A —
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/[ (x=2(x*+1)

1 A B x+D
x—2202+1)  x—2 (x=22 " @11
1 = Ax—-2)(x*+1)+B(x®>+1)+ (Cx+ D)(x —2)?
1 = AP —2x24+x—-2)+Bx>+ B+ (Cx+ D)(x*> —4x +4)
1 = Ax3—2Ax2 4+ Ax —2A+ Bx?2+ B+ Cx® + Dx? —4Cx? — 4Dx + 4Cx + 4D
1 =

x3(A+ C)+x?(—2A+ B —4C + D) + x(A+4C — 4D) + (—2A + B + 4D)
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A+C
—2A+B—-4C+ D

A+4C—4D
—2A+ B+4D

1

1
-2
3
2
1
-2
3
0

oS <t --—--—-—-
| o Aﬂ ™

— < < O
| — q1 o <

o o -
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D = = B-2C+D = 0
25 *
3C-4D = 0 B = 20-D
3 _ .43
3¢ = 4 B = 2% %
25 )
C_i B = -
T 25 5
A+C = 0
A = -C
4
A = ——_
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Definicija
Neka je a € R,a # 1,a > 0. Funkcija f : R — R, definirana sa f(x) = a*
naziva se eksponencijalna funkcija.

a®=1VaeR

Fatxe = g . g

X1
1~ — L
ax2
X1°X2 __ X1 X2
aae = (a) a>0

O<ax<xl
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Definicija

Neka je a € R,a # 1,a > 0. Funkcija f : R™ — R, definirana sa
f(x) = log, x naziva se logaritamska funkcija.

i

a>0
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log,x = b <= a® = x

log,(x1 - x2) = log, x1 + log, x2

log, <Xl> = log, x1 — log, x2
X2

I
log, x = 28X
log,, a
1
log, b =
8. log, a

38X = log, a¥ = x
log,x" = n-log,x,Vn >0

log. x =Inx,e~2.71
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Sinus
sin: R — [-1,1], f(x) = sinx
Funkcija f(x) = sinx je

e periodi¢na: sinx = sin(x + 2kr), k € Z

@ neparna: sin(—x) = —sinx
1
3m -n . 0 T ™ 3m 2m o
-3 2~ 2 2 2
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Kosinus
cos: R — [-1,1], f(x) = cos x
Funkcija f(x) = cosx je
e periodi¢na: cosx = cos(x + 2kr), k € Z

@ parna: cos(—x) = cos x
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Tangens
tg: R\ {g + km, k € Z} — R, f(x) =tgx

sinx .
je

Funkcija f(x) =tgx =
cos x

e perioditna: tgx =tg(x + k), k € Z
sin(—x)  —sinx

@ neparna: tg(—x) = cos(—x) = oo —tgx
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Kotangens

ctg: R\ {km, k € Z} — R, f(x) =ctgx

COs X
Jje

Funkcija f(x) =ctgx = —
sin x

e perioditna: ctgx =ctg(x + k), k € Z

@ neparna: ctg(—x) = cos(—x)  cosx

= = —ctgx
sin(—x)  —sinx &
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Arkus Sinus

Funkcija sin : R — [—1, 1], f(x) = sin x nije injekcija, pa nije ni bijekcija,

no restrikcija sin — [—1,1] je bijekcija. Za tako definiranu funkciju
—33
. . . , T
definiramo inverznu funkciju arcsin : [-1,1] — {—5, E}
Tom
oo <we[5.5
arcsin(sin x) = x, Vx >

sin(arcsinx) = x,Vx € [-1,1]

SE

a

—1 0 1

us
2
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Arkus Kosinus

Funkcija cos : R — [—1, 1] nije injekcija, pa nije ni bijekcija, no restrikcija
cos — [—1,1] je bijekcija. Za tako definiranu funkciju definiramo
inver[g}TL]l funkciju arccos : [-1,1] — [0, 7].

arccos(cos x) = x, Vx € [0, 7]

cos(arccos x) = x,Vx € [-1,1]

AN

—1 01
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Arkus Tangens
Funkcija tg: R\ {g + km, k € Z} — R nije injekcija, pa nije ni bijekcija,

— R je bijekcija. Za tako definiranu funkciju

(-5.5)

definiramo inverznu funkciju arctg: R — <—%, §>

no restrikcija tg

arctg(tgx) = x,Vx € (=%, %)

tg(arctgx) = x,Vx € R

,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,
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Arkus Kotangens
Funkcija ctg: R\ {km, k € Z} — R nije injekcija, pa nije ni bijekcija, no

restrikcija ctg — R je bijekcija. Za tako definiranu funkciju
(0,m)

definiramo inverznu funkciju arcctg: R — (0, 7).

arcctg(ctgx) = x, Vx € (0,7)

ctg(arcctgx) = x,¥x € R
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Sinus hiperbolni

Funkcija sh: R — R definirana sa

eX — =X
hx = ——
shx 5
naziva se sinus hiperbolni.
Funkcija f(x) =shx je neparna:
e X — X eX — X
h — = = — = — h
sh(—x) 3 5 shx
\
; -
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Inverz funkcije:

fx) = <
eX

y =

2y = €~
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2y +/(2y)? —4-1-(-1)

tip = 5
. 2y + \/4y? + 4
1,2 - - 5

’ 2
. 2y £/4(y2 +1)
12 =

’ 2
. 2y £24/y?2 +1
12 = — 5

’ 2

X =y+y2+lilieX=y—/y2+1
eX =y — /y? + 1 odbacujemo jer je eX > 0

eE=y++y?+1 /In

Arsh: R — R, Arshy = In <y+ N 1)
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Kosinus hiperbolni

Funkcija ch: R — [1, 00) definirana sa

eX _|_ e—X
hx = ——
chx 5
naziva se kosinus hiperbolni.
Funkcija f(x) =chx je parna:
—X X X —X
ch(—x) = € 2+e _— —1_26 =chx
1
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Inverz funkcije:

eX+e*
f = —
(x) .
e +e*
- ' /.2
y 5 /
2y = e“+e X /-ef
0 = e -2y +1
t = &
0 = t>—2yt+1
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2y ++/(2y)?—4-1-1

t1ip = 2
. 2y + +/4y?2 — 4
12 = —— 5 ——
’ 2
. 2y £ /4 (y?-1)
12 =
’ 2
2y £24/y2 —1
e
X =y+y2-1lilieX=y—y?2-1
X =y —\/y? — 1 odbacujemo jer je e¥ > 0

e“=y++Vy2—1 /In

Arch: [1,00) = R

Archy = In (y + J}T—l)
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Vrijedi: ch?x —sh?x =1
h? o e +e* 2 eX — e x\?
X — X = —_— —_ —_—
2 2

4 4

62X+2+e—2x7e2x+2ie—2x
4

Poglavlje 5 Funkcije ak. god. 2021./2022. 53 /107



Tangens hiperbolni

Funkcija th: R — (—1,1) definirana sa

shx e —e™*
thx = —= ———
chx X4 e
naziva se tangens hiperbolni.

Funkcija f(x) =thx je neparna:

sh(—x)  —shx
h — frd = = — h
th(=x) ch(—x)  chx thx
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Inverz funkcije:

2x =

Arth(y) =

eX 4 e X
/(X +e)

ex—e X /.ef

(1+y>
In| ——
1-y
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Kotangens hiperbolni

Funkcija cth: R\ {0} — R\ [—1, 1] definirana sa
chx e*+e™*
shx eX—e™X

naziva se kotangens hiperbolni.

Funkcija f(x) =cthx je neparna:
h(— h
cth(—x) = ch(—x)  chx

= = = — h
sh(—x)  —shx cthx
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Inverz funkcije:

f(x)

y

ye* — ye ™™
ye>X —y
e(y—1)
er

2x

Arcth (y)

e+ e ¥
eX — e X
e +e X

eX —e X

/(X —e)

eX L X /.ex

e 4+ 1,
y+1
y+1
—_— I
y—1 /i
(=)
In | ——
y—1
1, (r+t
2 y—1

)
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Odredite prirodnu domenu funkcije:
1 1
a) f(x) = e+ —|— -, b) f(x)= arcthT,

¢) F(x) = In—v():f) d) f(x) = vI—10%,
e) f(x) = arcsinVInx, f) f(x) =In(2sinx — 1), .
g) f(x) =Inv/1—x+/In(1—x), h)f(x):m,

: x+3 . 1 x2—1
i) f(x)zlnm, j) f(x) =ex + o

k) f(x) = arcc0512X

+x
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RjeSenje: a) f(x) = -4 +%
x#0 x> —4 40
x>+ 4
X#2ix# -2
Df =R\ {-2,0,2}

1
b) f(x) = arctg——

X —

Darctg:R X—37£0

x#3
Dy =R\ {3}
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n(x + 1)
x—22>0 x+1>0
x> 2 x> —1

Df:[2>OO>

d) f(x) = vI— 107

In(x+1)#0
x+1+#e°
x+1#1
x#0

1-10>0
1. natin: 2. natin
1>10¢ /log 100 > 10~
logl > x 0>x
0>x

Df = (—00,0]

Poglavlje 5 Funkcije

ak. god. 2021./2022.

61 /107



e) f(x) = arcsiny/Inx

x>0 Inx >0 ~1<VIhx <1
x > €° Vinx <1 /2
x>1 Inx <1
xgelze
Df =1, €]

f) f(x) =In(2sinx — 1)

2sinx—1>0

2sinx > 1 \/
2
sinx>1
2
D= U < + 2k, —+2k7r
kez \ 6
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g) f(x) =Inv/1—=x++/In(1 - x)

1-x>0 In(1—x)>0
x <1 1—-x>1
x<0
Df:<—O0,0]
1
h) f(x) = —————
V=532
4 —3.242 £ 0 2 #£ 1 2 # 2
t = 2¢ ¢ £ 20 ¢ £ 21
t2—-3t+2 = 0 x # 0 x # 1
. _3+V1
1,2 = 5
=1t =2
D =R\ {0,1}
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i) f(x) =1 —
x+3 —oco —3 2 +oo
2—x 0 x+3 | - [+ |+
_ 2—x [+ [+ ]~
;= (-3.2) E T
1 x2—1
) Fl) = et + o
x#0 x>—1>0 x+2#0
x>>1 X # =2

x<-1lilix>1

Df = (=00, =1]U[1, 00) \ {2}
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IN

IN

+ X

1+ x

2x + 14 x

1+ x

3x+1
1+ x
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2x
1+ x
2x
1+ x
2x — 1 —x
1+ x
x—1
1+ x

IN

IN

IN

IN

—o0 -1 1 +o
x=1|—-|—-|+
I+x | = |+ |+

x—1
x| T
x € (—1,1]
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Odredite inverz i sliku funkcije

a) f(x) =In(2sinx —1) d) f(x)=2¢
b) f(x) = arctgy/eX +1 e) f(x)=(x—1)3

c) f(x)=3-2tx+1
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Rjesenje: a) f(x) = In(2sinx — 1)

f(x)

In(2sinx — 1)
In(
2sinx — 1

e +1
2

/arcsin

ey +1
arcsin

e’ +1

arcsin

Poglavlje 5 Funkcije

2sinx —1) /e

Imf = Dfs
X

e +1 <1
5 <

e*+1
<1
5 <
eS+1 <2
e <1
x <0
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b) f(x) = arctgy/exX + 1
f(x) = arctgy/ex+1
y = arctgye’+1 /tg
tgy = Ve-+l /2

tg?y = e +1
e = tg?y—1 /In
x = In (tgzy — 1)
fH(x) = In(tg’x—1)
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Imf = Dy 1 C [o,f>
2
tg?x -1 > 0
tg?x > 1

tex < —lilitgx > 1
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Imf = Dg—1
x—1
3 > 0
x—1 > 0
x > 1

Imf = Ds-1 = (1, 00)
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Imf = Dfa
x > 0

Imf = Df-1 = (0, 00)
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(x=1* /g
VY

Iy +1
Ix+1
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Ispitajte (ne)parnost sljedeéih funkcija:
a) f(x)=vx2—4 d) f(X):l
1 2
b f(X) = 3x A 1
1 =
¢) f(x) == ¢ fX) =373 J
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Rjesenje:

a) f(—x) = (—x)2 —4
= x2 —4
= f(x)

f je parna.
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b) f(—x) = 37
— 3

f nije ni parna ni neparna.
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f je neparna.

—f(x)
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f je parna.
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e) f(—x) =

x—1
1
—x—1

f nije ni parna ni neparna.
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5.3 Limes funkcije
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Definicija

Neka je f : | C R — R funkcija i neka je xp € /. Ako postoji A € R takav
da vrijedi: Ve > 0,30 > 0 tako da |x — xo| < § = |f(x) — A| < ¢, onda
kaZemo da f ima limes u tocki xg i piemo lim f(x) = A.

X—rX0

A

¢ — okolina oko A
b

|
|
|
|
|
|
|
$

— — — — — =

Zo

¢ — okolina oko xg
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Definicija

Neka je f : | C R — R funkcija i neka je xp € /. Ako postoji A € R takav
da vrijedi: Ve > 0,30 > 0 tako da x € (xop — J, x0) = |f(x) — A| < ¢,

onda kazemo da f ima limes u totki xg slijeva i pisemo lim f(x) = A.
X—X0~

Definicija

Neka je f : | C R — R funkcija i neka je xp € /. Ako postoji A € R takav
da vrijedi: Ve > 0,39 > 0 tako da x € (xp,xp + ) = |f(x) — A| < ¢,

onda kaZemo da f ima limes u toZki xg zdesna i pis§emo lim f(x)=A.
X—rX0

Funkcija f ima limes u tocki xg ako postoje limesi slijeva i zdesna u toj
tocki i jednaki su.
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. x+1, x<1 -
Neka je f : R — R zadana s f(x) = . Postoji li
3, x>1
a) lim f(x)
X|T>1_f
b
) lim ()
0 fm 10
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a) Vrijedi da je Iir? f(x) = 2. Naime, za bilo koji € > 0 odaberimo § = ¢.
X—1"

Tada lako vidimo da &im je x € (1 —6,1) imamo da je

f(x)=x+1€(2—¢,2+¢). Dakle, svaka totka iz lijeve d-okoline od 1

preslika se u e-okolinu oko 2.
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b) Vrijedi da je Iirr11+ f(x) = 3. Sli¢no kao pod a), za bilo koji ¢ > 0
X—r

odaberimo § = ¢, pa &im je x € (1,1 + J), otito je
f(x) =3 € (3—¢,3+¢), odnosno svaka tocka iz desne d-okoline od 1
preslika se u e-okolinu oko 3.

- —_ — —— — — — — -
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c) Kako je lim f(x)=2i lim f(x) =3, pa imamo da je

x—1— x—1*t

lim f(x) # Iirr11+ f(x),

x—1-

tj. lim f(x) ne postoji.
x—1
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Primjer:

e Im —=0
X——+00 X

e Im —=0
X—>—00 X

e Iim — =+
x—0t X

e Im — = -
x—0— X
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) T
e |im arctgx = —
X—400 g 2

: ™
e |im arctgx = ——
X——00 2
A
,,,,,,,,,,,,,,,, - mmmemm—eooeoooo
2
R e T
2

1./2022. 88 /107
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e lim tgx =400
gx = —00

89 /107
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fl@)=Inzx

e Iim Inx=+4+00
X——400

e Iim Inx = -0 1
x—0t
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1 X
o I|im (1 + > =e
X—>+00 X

k X
e lim (1+> = ek
X—+00 X

Poglavlje 5 Funkcije ak. god. 2021./2022. 91/107




Odredite sljedece limese: I

. (x+1)? . X+ 2x+1 X2
a) lim ~——7~+— = lm —5——:—
x—=4o0 x2 41 x—=+4o0  x2 41 X2
1+24+ 41
= lim x 2
X—400 ]_—}_?
1
e —:1
1
100x X2 %
b) lim XX~ im X
x—4o0 x2 — 1 x? x—>+oo]_—_1§
X
0
pumy —:O
1
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c)

X—~400

X2—5X+1_
3x+7
x2—1 xj
1—x  x2

. 1
= lim
X——+00
1
oF +
1-%
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€ X—|I>Too x4 +1 : ; - X—|I>Too 1X2
1+
2
1
= 2
x4+ (1P +1
Dhm et = Jm e
0
T2
= 0
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B Iimz5—35+10_9
— \x=5 25—-25 0
x2 —B5x —2x +10

x—=5 (x —5)(x+5)
x(x —5) —2(x —5)

= li
«35 " (x —5)(x + 5)

— im (x —5)(x —2)
x—>5(X—5)(X+5)
Loox—=2

= l|im
x—=5x+5
. 5-2

= |lim ——
x—=55+5

_ 3

10
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1—1_9
1-1 0
X:t2
x—=1=t—>1

lim t;l

t>1t2 —1

im -1
t—1 (t —1)(t+1)
lim L
t—=1t+1

1

2
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i) lim VItx—1o (E:S)

x—0 31—|—x—1
B 1+x=15
Ix=0=t—1

i Vo —1
= im-———
t—1 ’3/t6 -1
3 —
= lim
t>1t2—1

(t—1)(t2+t+1)

= li
1 (t—-1)(t+ 1)
o tP4t+1

= ||m _—
t—1 t+1

_ 3

2
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_ (2-2 _o
- 49—-49 0

2—v/x—3 24+/x-3

R R R R S e
_ 22— (Vx—3)°
B Xln7(x2—49)(2—|—\/x—3)
. 7T —Xx
L o P y Py
-1
T 7+ (2+VT-3)
!
T

Poglavlje 5 Funkcije ak. god. 2021./2022.

08 /107



k) lim Vitx—v1-x 1—179
x—0 X N 0 0
" Vitx—vV/1—-x V1+x++/1—-x
= m .
x—0 X vV1+x++v1—x

VIR (IR
T x50 x(\/l—i—x—l—\/l—x)
lim 1+x—1+x
X%OX(\/l—i—x—f—\/l—x)
—  lim 2x
B X—>0X(\/1+X+\/1—X)
lim 2
x=0 /14 x++/1—x

2
VIt0+VI-0

= 1
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. osinx
1) lim
x—2 X
sin x
m) lim ——
x—+o00 X
-1 <
1
-= <
X
. 1
im —— <
x—+o0o X
0 <

sin x

sin x

. sin x
lim
x—+o00 X

) sin x
lim
X—+00 X

. sin x
lim
X—4+00 X

< 1 /:x
1
< = / lim
X X——+00
. 1
< lim —
xX—+00 X
< 0
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n) lim sin bx _ 9
x—0sin2x 0

sin 5x
5x 5x

x50 SIN2X  2x
2x
sin bx

| 5X
x—0 Sin 2x

2x

NI Nl ol
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Napomena: Opcenito, za A € R vrijedi:

lim
x—0

sin Ax

Ax

Ax =t

x—0=t—0

sint
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sin x

o) I x2 —2x+3 S i x2 —2x+3 A, =x
im | —=——— = im —————
x—0 \ x2 —3x + 2 x—0 x2 —3x 4+ 2
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)i x—1\" i x+1-2\"
im = im
P x—=4o0o \ x + 1 x—r+00 x+1
. x+1 -2 \~
= lim +
x—>+oo \x+1 x+1
—2 \*
= lim <1 + >
X—%-+00 x+1
2 x+1-1
= lim (1 + )
Xx—r+00 x+1
. x+1 9 -1
= lim 14+ —— 14
X—+00 x+1 x+1

) x+1 ) -1
= lim (14 lim 1+
X—+00 x+1 X—+00 x+1

e—2 1
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t

lim sin— =

) X—40c0 \/)?

(=)

x—1

o (<—1><+1

1 x+1
lim < >
x=1\x+1
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)>x+1
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: x+1 X . 141
u) lim —m———-—=:= = |lim —==
x=+00\/x2 + x+1 X x—r+00 /1+l+i
x ' x2
_ 1+0
V14040
= 1
. x? +3x+1\" X341 X2\ TS
v) lim | ———— = lim ———: —
X—+00 2xc —1 x—4oo  2x%2 —1 x2
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z)

X—-+00

(

2x2 +1

x2—3

v

< ) 2x2 +1
lim ————:

x—+oo x2 —3

2 + % X—+00
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X2 X—r+00
x2

lim x

lim x
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