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6.1 Definicija i osnovna svojstva
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Neka je f : | C R — R funkcija i neka je xp € /. KaZzemo da je f

derivabilna u totki xg ako postoji Iim f(Xl X(XO) i pisemo:
X—>X(

f'(x0) = lim —f(x) — f(Xo).

X—r X0 X — Xo
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Neka je f : R — R zadana s :

) f(x) = c (konstantna funkcija)
) f(x) =x

O o

Odredite f'(x).

Rjesenje:
f(x) — f(x0)

T
a) f'(xp) = lim o

X—rX0

c—C

lim
X—=Xo X — X0

lim
X—=X0 X — X

0
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f(x)—f -
b) f'(x0) = lim 7()() (o) = lim 22X
X—Xo X — X0 X—=Xp X — X0
= Ilm1
X—>X0
= 1
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f(x) — f(xo) _ x2 — xg

c) f'(xo) = lim — lim —
X—rX0 X X0 X=X X X0
— im (x — x0)(x + x0)
X—X0 X — X0
= XI;n}q)(X + xo)
= 2X0
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d) f'(x0) = lim f(x) ~ f(x0) —  im SBX T X

X—=X0 X — X0 X—+X0 X — Xo
Xty o XxX—y
Ccos x — cosy = —2sin sin
2 2
. —2sin XJEX" sin X 2
= lim
X—+Xo X — Xg
! —sin %sin X;—XO
= im
N X—X0o
X—+X0 =2
s X—Xp
sin
= |im (—sin X+X° lim 2 (4
X—>X0 ( )X—>X0 X—X0 ( )
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X — X0

. Sin — =t
Ilm Té = 2
X T X—=x=t—0
_ sint
t—0 t
= 1
x) = |lim (—sin X+X° -1
() = Jim ( )
= —sin —XOJZFXO
= —sinxp

Nastavljajuéi ovaj postupak i za druge funkcije dobivamo Tablicu
derivacija.
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f(x) ‘ f'(x) H f(x) ‘ f'(x)
I
C 0 tgx 3
cos? x
1
X 1 ctgx ——
sin‘ x
x" nx"—1 arcsinx #
Vv1—x2
1
ax a*Ina || arccosx | —————
V1—x?
1
X X
t
e e arctgx 552
| 1 arcct L
nx - r x| -
X & 1+ x2
sin x COS X shx chx
cosx | —sinx chx shx
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Pravila deriviranja:
efc-f(x)]'=c-f(x)

o [f(x) £ g(x)] = f'(x) £ &' (x)

o [f(x) - g(x)]' = f'(x)g(x) + f(x)g'(x)

. [f (X)}’ f'(x)g(x) — f(x)g’(x)
g(x) )?

o[(fog)(x)] =[f(g(x))]' = f'(g(x)) - &'(x)
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Odredite f'(x) za:

Rjesenje:
a) f(x) = x> —4x3+2x-3
f'(x) = 5x*—4.3x2+2
= 5x*—12x? +2
_ L 15 o 1
) Flx) = 53X 4% ox
f/(X) = —g.x2+2x_%.x3

= —x?+2x—x3
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(x?2 — 5x +5) — (2x + 3)(x*> — 5x + 5)’

(x2 — 5x + 5)?
2(x? —5x +5) — (2x +3)(2x — 5)
(x2 —5x + 5)?
2x% —10x + 10 — 4x% + 4x + 15
(x2 —5x + 5)?
—2x2 — 6x + 25
(x2 — 5x + 5)?
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2x 27X 4+ x2.27X . In2 (—1)

2x  x?-In2
X x
2x — x%1In2
2X
%2
2X
2x - 2X — x2.2X|n2
22X
2*(2x = x%In2)
22X
2x — x21n2

2X
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g) f(x)
f'(x)

2 1

2x—1  x
x?+2(2x —1)"t —x7!

x2+

2x+2-(—1)-(2x —1)72.2 — (=1)x72
2x — 4(2x —1)72 4 x72

4 1

o — 4
X (2x—1)2—|_x2

5sinx + 3 cos x

5cosx — 3sinx
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sin X + cos x

sin X — €os x

(cos x — sin x) (sin x — cos x) — (cos x + sin x) (cos x + sin x)

(sin x — cos x)?

— (cos x — sinx)? — (cos x + sin x)?

(sin x — cos x)?

— cos? x + 2 cos x sin x — sin® x — cos? x — 2 cos x sin x — sin® x

(sin x — cos x)?

—2(cos? x + sin? x)

(sin x — cos x)?
-2

(sinx — cos x)?
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X - arcsinx

arcsinx +

— X
(x—1)-¢"
1-e¥+ (x—1)e*
(x—1+1)e"
xe*
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) f(x) = e*cosx
f'(x) = e~cosx+ e*(—sinx)
= €e*(cosx —sinx)

2
X
2xInx —x2-1
AQN In? x ’
~ x(2Inx—1)
N In? x
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—4+2lnx — —
X

1 2

x2  x
Inx -2 2

2 +

X X
X - shx
shx + xchx
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Odredite f'(x) za: I

1 1
arctg (1 + )—() , g(x) = arctgx, h(x)=1+ = f=goh

1 -1
1+1+2+% 2
1 -1
2x242x+1 2
X2
x2 —1
2x2+2x+1 x2
-1
2x2 +2x +1
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b) f(x) = V1—x2, g(x)=+/x, h(x)=1-x f=goh

) = s (1)
—2x

2v/1 — x2?

i
c) f(x) = 2x+5cos’x
x3, h(x) = cosx, f(x)=2x+(goh)(x)

il
Na¥
I

f'(x) = 2+5-3cos®x-(—sinx)
= 2 —15cos? xsin x
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e) f(x)

f'(x)

X —2
x2+1
\/)ﬁ—(x—Z)i2 712+1 - 2x

x2 41
x24+1—x242x
Vx2+1
x24+1
2x +1
(X2 +1)(2+1)2
2x+1
(1)

v/ arcsinx

1 1
2v/arcsinx /1 — x2
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f) f(x) = VxeX+x

fl(x) = (e¥ 4+ xe* +1)

1
2/ xeX + x
e+ xe*+1

2/ xeX + x
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In(1 — x2)

2x
x2—1
Vinx+1+In(y/x+1)
1 1 1 1
inx il x  Vx+1 2Ux
1 1
2xv/Inx + 1 * 2v/x(v/x + 1)
1 1
2xvInx +1 + 2x + 24/x
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Logaritamsko deriviranje koristimo kada se argument funkcije x nalazi i
u bazi i u eksponentu.

flx) = g(x)ht) /In
In(f(x)) = h(x)In(g(x)) /!
L = H(x)In(g(x X 1 "(x - f(x
@f(x) = H(x)In(g(x))+ h( )g(x)g() /- f(x)
! = x) [H(x)In(g(x X g'(x)
f'(x) = fx)|H(x)] (g())+h()g(x)
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Odredite f/(x) za
a) f(x) =x*
b) f(x) = (sinx)*

Q) flx) = (1 + %)
Rjesenje:
a) f(x) = x* /In
Inf(x) = xlInx /!
1 "(x = nx -+ x- 1 - fx
) = kel /A
f'(x) = x*(lnx+1)
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b) f(x) = (sinx)” /In

Inf(x) = xIn(sinx) /!
L '(x) = In(sinx xicosx - f(x
) = nGsinx) +x /()
f'(x) = (sinx)*[In(sinx)+ x - ctgx]
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6.2 Tangenta i normala krivulje
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Tangenta krivulje (x, f(x)) u totki xp je pravac koji dodiruje krivulju u
to¢no jednoj tocki u nekoj okolini tocke xp.

Definicija

| A

Normala krivulje (x, f(x)) u tocki xo je pravac okomit na tangentu te
krivulje u tocki xp.
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Derivacija funkcije f u xp jednaka je nagibu tangente na graf f(x) u toZki

Xg, odnosno
f/(Xo) = k.

Uotimo i da je yo = f(x0) pa izlazi da je jednadzba tangente t
t..y — yo = k(x — xo).

Ako vrijedi da je p1_Lpy, onda su njihovi koeficijenti smjera negativne

reciprocne vrijednosti, k; = ;— pa je jednadzba normale u tocki xp
2

n..y —f(x) = f’leo)(x — Xp)-
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Napigite jednad?bu tangente i normale na krivulju y = v/x u to&ki s
apscisom x = 4.

Rjefenje: x =4 = y = /4 =2
T(X07_y0) = T(472)

1 1 1
f/ = — f/4 = —— = —
) 2% W=2v~a
kf_llkn:_ll'
4
y—2:%x—4)
1
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y

e — — — —
/
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Odredite jednad?be svih tangenti na graf funkcije f(x) = x* — x + 3 koje
prolaze ishodiStem.

Rjesenje:
f'(x) = 4x3 — 1
Pronadimo koordinate diralita D(xo, yo).

t.y—yo = f(x)(x—x)
Kako je O(0,0) € t imamo:

0—(xg—x+3) = (4¢—1)(0-x)

—Xg+xo—3 = —4XS+X0
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Y 0 = F(x)(x — %)
y—3=3(x-1) y—5=-5(x+1) (1,3)

t1...y = 3x tr...y = —bx
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Odredite jednadZbe tangenti povu&enih iz T(9, —2) na graf funkcije

_5
Rjesenje:
-1
fl(x)= ——=
Pronadimo koordinate diralista D(xo, yo)-
t.y—yo = f'(x)(x—x)iT(9,-2)et
1 -1
—2(X0 — 5)2 —-x+5 = -9+x
—2x24+20x —50—x+5 = -9+ x
xg —9x+18 = 0
1
X0:6$yo:1 i Xo:3$y0:—§
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y = yo = f'(x)(x — x0)

1 1
t1.y =—x+7 bh..y=——x+—

t
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-1
Odredite jednadZbe tangenti na graf funkcije f(x) = % paralelnih s
X
pravcem p...y = x — 2.

Rjesenje:
iy o (x=1)(x+3) = (x —1)(x +3)
A (x +3)?
o x+3—x+1
N (x +3)2
_ 4
o (x+3)?

Pronadimo koordinate diralista D(xo, yo)-
t.y—yo = f(x)(x—x)

Kako je t||p imamo da je ks = 1 = f'(xp)
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- =1 . 3)2
(o + 37 [od)
(X0+3)2 = 4
Xo—|—3 = 42
X0:*5:>yo: i Xo:*1:>y0:*1

y =y = f'(x)(x — x0)
y—3=x+5 y+1l=x+1

ti..y =x+8 t...y =X
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Odredite jednadZbe tangenti na graf funkcije f(x) = x3 — 3x? +3x — 4
paralelnih s pravcem p...y = 12x — 12.

Rjesenje:
f'(x) = 3x% — 6x + 3
t.y—yo = f(x)(x—x)
Pronadimo koordinate dirali¥ta D(xo, yo).

Kako je t||p imamo da je k; = 12 = f'(xp)

3¢ —6x+3 = 12 /:3
Xg—2X0+3 = 0
x=3=yw=5 i xx=-1l=y=-11
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y =y = f'(x)(x — x0)
y —5=12(x —3) y+11=12(x +1)
t1..y =12x - 31 tr...y =12x+1
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Odredite a i b tako da pravac y = —2x + 13 bude tangenta parabole
f(x) = —x? + ax + b u totki a) D(3,7) i b) D(1,11) (sami).

Rjesenje: a)

f'(x)=—-2x+a

flx) = k )
ey = =2 (3,7
—-2-34+a = =2
a = —2+6
a = 4

Poglavlje 6 Derivacija ak. god. 2021./2022. 43/188



f'(xo)
f'(1)
—2-14a

Yo
11

11+1
b

f(xo)
—1240-1+0b
b

12

f(x) = —x>+12
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Odredite jednad?bu normale na graf f(x) = e2* + X — 2 u to¢ki u kojoj
graf sijele os x.

Rjesenje: Odredimo koordinate D(xp, 0).

fxo) = eX04e0-2 (t=e0)
2+t—2 = 0
t24+2t—t—-2 = 0
(t+2)(t—1) = 0
t=-2 ili t=1
e =1 no e%+#£-2 jerjee® >0
x =0

D(0,0) i f'(x) = 2e>* + & = f'(0) =3
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Zadana je funkcija f(x) =

8 . ..
Zxa! T(2,1) totka na grafu funkcije.
Odredite povrdinu trokuta $to ga zatvara tangenta na graf u toj tocki s

koordinatnim osima.

Rjesenje:

Odredimo jednadzbu tangente u T(2,1).

f'lx0) = ﬁ

—16-2 1
G a
yo1 = —5(x-2)
t..y = —%x—i—Q

Poglavlje 6 Derivacija ak. god. 2021./2022. 46 /188



Poglavlje 6 Derivacija 1./2022. 47 /188



Odredimo sjeci$ta t s koordinatnim osima:

1 1
— _Tx49 - . 2
0 2x—|— y > 0+
x=4 y=2
TX(4¢O) Ty(oaz)
2-4
fa =
= 4
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U kojoj totki krivulje y = In(2x + 1) treba postaviti tangentu tako da ona
zatvara kut o = 30° sa osi x7

Rjesenje:

Trazimo diraliste D(xp, yo) pri &emu je f'(x0) = k = tga.

2 +1 = 2V3
tg30° = 1 2x0 = 2v/3-1
V3 1
1 0 = V3o;
k = —
3
V3 f(x) = In(2 V3o )4
Fl) = -2 :
2x +1 _ |n2\/§
1 2
V3 2x+1 B 1/ 1
t...y In2v/3 = 7 X \/§+2
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6.3 Lokalni ekstremi, konveksnost i konkavnost
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Definicija

Neka je f : | = R i xg € I. Ako postoji € > 0 takav da je f(xg) < f(x),
Vx € (xo — €, xp + €), kaZemo da f u xg ima lokalni minimum.

.

Definicija

Neka je f : | — R i xp € I. Ako postoji € > 0 takav da je f(xp) > f(x),
Vx € (xo — &,x0 + €), kaZzemo da f u xp ima lokalni maksimum.

.

A

M
M,

] W

ma
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NuZan uvjet za lokalni ekstrem u xp: f'(x9) = 0. Ako f ima lokalni
ekstrem u xp onda je f'(x9) = 0 i za xp kaZemo da je stacionarna
tocka.

No, to nije dovoljan uvjet: za npr. f(x) = x3 + 1 u xp = 0 vrijedi
f'(x) = 3x2 i f'(0) = 0, no funkcija nema ekstrem u 0.

A

y
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Ako funkcija f na intervalu /
e raste, onda je f'(x) > 0,Vx € /
@ pada, onda je f'(x) <0,Vx €/
@ ima ekstrem, onda je '(xg) = 0 za neki xp € /

A
k=0

k<0

\j

/k >0
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Neka je xp stacionarna totka, tj. f'(xo) = 0. Ako je

e ’(xg) > 0, onda f u xg ima lokalni minimum

° f” xp) = 0, onda racunamo derivacije dok ne dobijemo k takav da je
x0) # 0. Ako je

e k paran, i

(x0)

e "(xp) <0, onda f u xg ima lokalni maksimum
( )
F(

o f¥(x0) <0, onda f u xo ima lokalni maksimum
° fk(xo) > 0, onda f u xo ima lokalni minimum

e k neparan, onda f u xp nema ekstrem
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Odredite ekstreme i intervale rasta i pada funkcije: I

Rjesenje: a)
f(x) = x?(x—12)2
= x?(x? —24x + 144)
= x* —24x3 + 144x°

f'(x) = 4x3—72x% 4 288x

Odredimo stacionarne tocke:

4x3 —T2x24+288x = 0 /:4 e 0 6 12 4
x3—18x2+72x = 0 ! ||_|+|_|+|
x(x?—18x+72) = 0 N A TN 7

x(x?2—12x—6x+72) = 0 m M m
x(x—12)(x—6) = 0

X1:O,X2:12,X3:6

Funkcija f ima u 0 i 12 lokalni minimum, a u 6 lokalni maksimum.
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Karakter ekstrema moZemo odrediti i preko druge derivacije:

f'(x) = 12x% — 144x + 288

f"(0) = 288>0, paf u0 ima lokalni minimum.
f"(6) = —144 <0, pa f u 6 ima lokalni maksimum.
f"(12) = 288 >0, pa f u 12 ima lokalni minimum.
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b) (sami)

1
f(x) = ZX4 -x3-2x2+1
f'(x) = x3—3x%—4x

Odredimo stacionarne tocke:
x3—3x2—4x = 0 f! H
x(x2=3x—4) =

x(x? —4x+x—4) =
x(x—=4)(x+1) =

o O O

x1=0,x=4 x3=—-1

Poglavlje 6 Derivacija ak. god. 2021./2022. 57 /188



Funkcija f ima u —1 i 4 lokalni minimum, a u 0 lokalni maksimum.

Intervali rasta su (—1,0) i (4, 400), a intervali pada su (—oo, —1) i
(0,4)

/1N
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X2 —2x 42
x—1

R\ {1}

(2x —2)(x — 1) — (x®> = 2x + 2)
(x—1)2

2x2 —2x —2x +2 — x2 +2x — 2
(x —1)2

x2 — 2x

(x —1)2
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Odredimo stacionarne tocke:

7X2_2X 0 0 1 2
= —00 00
Co P+ ==+
o T AT TN A
x(x—=2) = 0 M m

x1=0,x=2
Funkcija f ima u 2 lokalni minimum, a u 0 lokalni maksimum.

Intervali rasta su (—o00,0) i (2,400), a intervali pada su (0,1) i (1,2).
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Y

DO e
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x2 2x
) = 1+ x2 (14 x2)2 0
Df = R =0
y _ 2x —00 0 +oo
Fix) 1+ x2)2 =]+
anivd

Interval rasta je (0, +00), a interval pada je (—00,0). U totki x =0
funkcija ima lokalni minimum.
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oy 4
() = X2 +8 Odredimo stacionarne tocke:
Df = R —4x - 0
(x2+8)vVx%+8
4.1 —4 - 0
Pl = o apms . = 0
—00 0 +4oo
= i I
(2 +8)Vx" +8 A KN
M

Interval pada je (0,400), a interval rasta je (—o0,0). U totki x =0
funkcija ima lokalni maksimum.
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f) (sami)

f(x) = x—In(1+x) Odredimo stacionarne tocke:
Dr = <_17+OO> X =0
) 1+ x
f/ = ]_ — == 0
(x) 1+ x Xl
. -1
1+ x
I~
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f(x) = x—arctgx
2
br = R 1+x2 0
/ _ . 1 xx = 0
f(X) B 1+ x2 —00 0 +oo
4 o+ ]+
T 14 x2 f H/“/“

Raste na cijeloj domeni. Nema lokalnih esktrema.
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4

2 .
- e~ pomocu f”.

Ispitajte ekstreme funkcije f(x) = x

Rjesenje:
fix) = x*. e, Df=R

flix) = 43 e +xt e (~2x)
= e (4x3 — 2x5)

Odredimo stacionarne tocke:

e (4x3—-2x5) = 0/:e X #£0
x3(4-2x3) = 0
Kandidati: x1 =0, xo = —v/2, x3 = V/2
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F(x) = e (=2x)- (4x3 —2x5) + e . (12x2 — 10x*)
= e (—8x* +4x%) + e - (12x2 — 10x*)

= e (4x% — 18x* + 12x?)

f”(\@) = e 2. (-16) <0
f”(—\@) = e 2. (-16) <0
f u £+v/2 ima lok.makimum

f'(0) = 0

F(x) = e (=8x” + 60x5 — 96x3 + 24x)

£7(0) = 0

Fv(x) = e (16x® — 176x5 + 402x* — 336x2 + 24)
f*(0) = 24>0

f u 0 ima lok. minimum
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Neka je f : | CR — R i neka je J C . Ako vrijedi: Vx1,x0 € J je

; <x1 42r><2> < f(x1) er f(x2)7

onda za f kaZemo da je konveksna na J.

Definicija
Neka je f : | CR — R i neka je J C [. Ako vrijedi: Vx1,x2 € J je

] <x1 ;X2)  fla) + Flx)

2 9

| A\

onda za f kaZemo da je konkavna na J.

A\
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Totka T u kojoj graf mjenja oblik iz konveksnog u konkavni i obratno
naziva se to€ka infleksije. Ako je:

e f”(x) >0, onda je f konveksna;
e f’(x) <0, onda je f konkavna;
e f’(xp) =0, onda je xp kandidat za totku infleksije.
NuZan uvjet za tocku infleksije u xp je f”(xp) = 0, no to nije i dovoljan

uvijet.
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Odredite toZke infleksije i intervale konveksnosti i konkavnosti za:

a) f(x) = (x* = 3x +2)e* c) f(x) = =—5—— (sami
b) f(x) = xIn?x (sami) ) F6) = 3y (samd)
Rjesenje: a)
f(x) = (x*-3x+2)e, Df=R
f'(x) = (2x—3)e*+ (x> —3x +2)e*
f'(x) = 2+ (2x —3)eX + (2x — 3)eX + (x2 — 3x + 2)e~
= (2+2x—3+2x—3+x% —3x+2)e
= (xX*+x—2)e
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Odredimo to&ke infleksije:

(x2+x—2)e = 0/:e#0
xX24+2x—x—2 = 0 I —2 1 4o
x(x+2)—(x+2) = 0 ] =]+
(x—1)(x+2) = 0 fFlulnlu]

Kandidati: x;1 =1, xop = =2
A

|
|
!

-2 1

Intervali konveksnosti su (—oo, —2) i (1,400), a interval konkavnosti je
(—2,1).Totke infleksije su T;(—2,12e72) i T;(1,0).
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f(x) = xIn’x, Df=(0,+o0)
4 2 1
f'(x) = In“x+2xInx-—
b%s
= In’x+2Inx
1 2
f'(x) = 2lnx-=+=
5 X X
= —( 1
X(nx+ )
Odredimo to&ke infleksije:
2
S(nx+1) = 0/-2#0 0 & 4o
S 5 £
nx = -1
Fnful

1
Kandidati: x; = -
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1

Dl —e —

1
Interval konveksnosti je <1, > a interval konkavnosti je
e
1 11
<, —l—oo>.ToEka infleksije je T; <, >
e e e
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1

3x2+1°
—6x

(3x2+1)?

Df =R

—6(3x% +1)2 + 6x - 2(3x% + 1) - 6x

(3x2 + 1)*

(3x? 4+ 1) [-6(3x2 + 1) + 72x?)]
(3x? 4+ 1)%

—18x2 — 6 + 72x2
(3x2+1)3

54x2 — 6

(3x2 +1)3
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Odredimo to&ke infleksije:

54x* -6 (3x2 + 1)3
m /?7&0 —o0 7% 3 +o00
o = 1 A EISEY
2 - 1 fFlluln|u]
9
1 1
Kandidati: X1 = 5 Xy = —g

interval konkavnosti je

w\
w\»—\

Intervali konveksnosti su (—oo,—%) i (—%,+00), a
(—1,1). Totke infleksije su T,1 (—1 i (%7 3.
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6.4 Primjena ekstrema
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Konopcem duljine 12m treba omediti dio ravnog terena oblika kruznog
isje¢ka najvece moguce povrsine. Kolika je ta povr$ina?

Rjesenje:
o o
/—Z-OO—E-2r7r—ar
2
o Q ar rl
P = — . PO = — 2 = — = —
K= on 2 1T 2 T2
Prema uvjetu zadatka vrijedi: [+ 2r = 12, odnosno / = 12 — 2r.
rl
Pk = 5 l
r(12 —2r
Pii(r) = 12 —2r) 5 )
= 6r—r? r r

Maksimum ove funkcije je najveéa
povrsina koju trazimo.
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P’K/(r) = 6-—2r

= 6-—2r
r = 3
P”K/(r) = -2
PHK/(?)) = -2<0

P u 3 zaista ima maksimum.

Trazena povrsina je:
3(12—-2-3
Pu(3) = 12-23)

2
= 9cm?
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U polukrug polumjera r = 2cm upisite jednakokra&ni trapez maksimalne
povrsine takav da je a = 2r. Kolika je povrsina tog trapeza?

Rjesenje:
a = 4
2
2 - 22_(E>
Y 2
2
174 = 4_C_
4
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1 /16 —4c —2c?
0 4( T > /-4V16 — ¢
0 = 16—4c—2c?
0 = c2+4+2c-38
ca=-4ic=2
c1 = —4 odbacujemo jer ¢ >0
—4 2 +o0
Prl+] -]
PN

P u 2 zaista ima maksimum.

P(2) = %(44—2)\/16—22
= 33
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U lik omeden parabolom y = —x? + 12 i osi x upisujemo pravokutnik
maksimalne povrsine. Kolika je povr$ina tog pravokutnika?

Rjesenje:

= b
(z, —z?+ 12) 2
P(x) = 2x(—x>+12)
= —2x3 4+ 24x
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P'(x) = —6x>+24

0 = —6x>+24
x2 = 4

X1=-21ix0=2
x1 = —2 odbacujemo jer x > 0
P’(x) = -—12x

P"'(2) = -24<0
P u 2 zaista ima maksimum.

P2) = —2-224+24.2

P(2) = 32
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U lik omeden grafom funkcije f(x) = v/12 — x i koordinatnim osima
upisujemo pravokutnik maksimalne povrsine. Kolika je povrsina tog
pravokutnika?

Rjesenje:

!

P(x) = xV12—-x

\J
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24 —
0 — X ayiTx

2412 — x 0 8 12
0 = 24— 3x P+ | -]
Pl ~IN
x = 8 M
P(8) = 8/12—-8
= 16
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Zicu duljine 12 m savijamo u oblik jednakokragnog trokuta. Kolika je
maksimalna povrsina tog trokuta?

Rjesenje:

: p o v
| 2

b I b 2 g2 a’ o = a+2b
K v o= b - 12 = a+2b
| pT R a = 12-2b
m v -
: 4

a a

2 2
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(12 — 2b) (\/ 4”2(132”)2)

2

2 __ _ 2
2(6 — b) (\/41; 1441—48b 4b )

2

(6 — b) /4(12[3;36)

(6 — b)v/12b — 36
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12(6 — b)
P'(b) = —V12b—36+ "t
(5) 2/12b — 36

6(6 — b)

= —V 12b — 36+ \/ﬁ

—(12b — 36) + 6(6 — b)
V12b — 36

—18b+ 72

V12b — 36

—~18b+ 72
0 = ——L= /. /I2h—36
Vib-36 | pr i

0 = —18b+72 |+
- P

b = 4

P(4) = (6—4)V12-4-36
= 2V12
= 43
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U polukuglu radijusa R upisan je stoZac s vrhom u centru baze polukugle.
Odredite radijus baze stosca maksimalnog volumena.

RjeSenje:
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Vi(v) = E(F\’Z—3v2)
73r TraZeni radijus je:
0 = g(R2—3v2) rr = R?—?
R2 2
v o= 3 2 - R2_ Rf)
v = L\@ - R2_37R2
3 =
9
Vi(v) = S (-6v) _ 2p
3
- . V2
v’ RV3 2 R\/§<0 viiovs
Zve - _opVv>
3 3 V6
= —R
R 3
Vu ima maksimum.
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Na paraboli y = 3x? odredite onu totku koja je nabliza totki A(0, 3).

Rjesenje: Neka je T(x, y) to¢ka na paraboli y = 3x2.

d(T,A) = V(x-0)2+(y—3)%)
= /x2+(3x2-3)?)
= Vx2+9x* - 18x2+9
d(x) = V9x*—-17x>+9
d(x) = 36x3 — 34x
Ox* —17x2 +9
0 - 36x3 — 34x
2V0x* —17x2 +9
0 = x(36x%—34)
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Kandidati: x3 =0, xp = \6ﬁ X3 = _\6/374
T1(0,0) d(T1,A) = 0-02+(0-3)?) _
T (\/;4’167) d(T2,A) = \/(@74_0)2—1—(167 )2 _ \/275
T3<_ 54’%) (T1,A) = \/< %37_0)2_1_(167_1)2 _ \/6375
A
A
T3 T2

y
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Totkom T(1,3) polaZzemo padajuéi pravac koji s koordinatnim osima
zatvara trokut najmanje povrsine. Koliki je koeficijent smjera tog pravca?

Rjegenje:
A Totka B je sjeciste pravca p
\ i osi y = B(0, b).
Totka A je sjeciSte pravca p
- b
y=azr+b iosix = A —;,0 .

- Kako je T € p imamo 3 =
A\V a-14+ b, odnosno b =3—a.
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9 1
/ P [P —
Pla) = 55273
1 —-b 9 1
Pao = 550 0= s
1 —b? 1 _ 9
= 32 5 2 22
2
~(3- 3)2 ac = 9
P(a) = 23 a = -3
_ —9+6a—a° 9
= 23 Pll(a) — _3
-9
= Z—f—?)—g P//( 3) _ 9
(=3)°
1
Minimalna povrsina dobije se za pravac y = —3x + 6.
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Neka je trokut AABC takav da je a = % te b+ ¢ = 100cm. Odredite
duljinu stranice ¢ tako da povr$ina trokuta bude maksimalna.

Rjesenje:

Pr =

N~ O

<
I

Il
NI - o< Tl <
|
DR DEDNE N
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1
P'(c) = 7 (100 — 2¢)
0 = 1 (100 — 2¢)
4
2c = 100
c = 50
/! 1
Pie) = (-2
_ 1
2
/! 1

P u 50 ima maksumum.

P(50) =
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6.5 L'Hospitalovo pravilo
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Neodredeni oblici:

oo 0
07,7

oo 0
e 0-00
@ 00 — 00

@ 09, 1, o0
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f
Ako je lim (x) oblika 0 ili E, onda je
x—=x0 g(x) 0 oo
/
lim f—x): lim f(X).
o g(x) ~ xo g/(x)
f 0
Ako je lim f(x)- g(x) oblika 0 - oo, onda je lim @ oblika —, a
X—X0 X—rX0 m 0
iim &0 opiika
X—rX0 m 0
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Izraunajte sljedeée limese:
1 n_1 . tgx —sinx
a) lim & k) lim g—3
x—0 X ><—>0I 2sln Ix
X —sinx n2 —Inx
: : N i .
b) lim ——5— (sami) ) i S ainx s2mi)
c) lim chx — 1 (sami) li ! L
im —— i - —
x—0 1 — cos x m) xlfg+ X sinx
. 1 X
d) | — i - = i
) x=+F00 |62X ") >I<T>11 (Inx Inx) (sami)
(T i lim (shx -1
e) xﬂToo o (sami) o) Xl}”&f( x - Inx)
. x2 _ 16 _ p) lim (x-In%x) (sami)
f) lim ————— (sami) e
x—4 x2 + x — 20 . 1
Inx _ r) lim [x-In{e+ =] —x
g) lim (sami) Free X
x—1 XX— 1 7)( (Sami)
. e —e . _ 1
h) lim —— (saml) s) lim (X .e X2 —x)
x—0 xsmi)(x X——400 )
. A - t) i .D—X i
| )I(ino . ) im (x ) (sami)
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Rjesenje:
)i =L (D)
x—0 X

_LH

. sinx
=LH |im

x—0 6x
B 1
N 6
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chx —1 0
lim — =
x—0 1 — cos x 0

_LH im shx _ 0
x—0 sin X 0

. . chx
=" im
x—0 COS X

1
1
1
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+oo

+o0

. 3x2 <—|—oo>

im — = —
x—+o0 22X 400

_ 6x +00
lim = (I
x—r+o0 42X +00
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. Inx <+oo>
e) lim = —
x—+oo xN +0oo

1
=LH  |im —=
x—+oo nx"—1
_ 1
= — lim
n x—+oo xn
1
= Z.0
n
= 0
_ x2 — 16 0
Dl e x—20 ~ (0)
_UH i 2
x—42x +1
_ 8
- 9
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x—0

sin x

0

0

. & +e”
||m _—
x—0 COS X

2

1
2
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N @i —b* (0>
i) lim —— =
x—0 X 0

. alna—b*Inb
= im —m8
x—0 1

a
= In —

b

) lim sinx —sint B 9
J xX—t X —t B 0
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K) fim tgx.—ssmx _ (O>
x—=0  sin® x 0

—LUH  im cos?x _ COSX
x—0 3sin? x cos x
. 1 — cos3 x 0
= lim ————— = ~
x—0 3sin® x cos3 x 0
2 .
L'H 3 cos” x sin x

= lim — —
x—0 6 sin x cos* x — 9sin x cos? x

3 cos? x sin x

= lim - —
x—0 3 cos? x sin x(2 cos? x — 3sin® x)
. 1

= lim —
x—0 2 cos? x — 3sin® x
1

B 2
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) In2 —Inx (oo>

im ———— —
x=01In2 + Inx 00

_1
—LH jm —x
x—0 1
X
= -1

m) lim (1_ ! ) — (00— (40))

x—0t \ X sinx
.osinx —x 0
= Iim —— = =
x—0t  Xxsinx 0

LH i cosx —1 0
= im ——— = | =
x—0T SIN X + X COS X 0

_LH lim —sinx .
x—0t COS X + COS X — XSIn X

_ 0

- 2

= 0
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n) lim <1—X> = (00— o0)

x=1\Inx Inx
i 1—x 0
= im ==
x—1 Inx 0

: .o =1
:LH ||m e
x—1 =
%
= lim (—x)
x—1
- 1
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o) lim (shx-Inx) = (0-00)

x—0t

= lim

x—0t 7—c2hx

h*x
. sh2x
= im —
x—0+ —xchx
shx shx

= — lim — - lim —
x—0t chx x—0t Xx

1

= — lim thx
x—0t

= 0
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p) lim (xIn’x) = (0-00)

x—0

x—0

2In x

x—0 —1
X

[x 1o

= lim (2x)
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r)

lim
X——+00

(o)

= (x0)
B i In(e+1)—1 /0
B L 1 ~\o
X
()
H g S VX
X——+00 _i
.
= lim I
x—>+ooe-|-;
B 1
N e
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= lim [x (ef
X—+00
= (OOO)
_ 1
. e 2 —1
= lim T
X——+00 =
_ 1
e x2
=" im
X—+00 1
X2
. —2e «x
= lim
X—+00 X
—2
- 00
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lim
X—+00

(22

2

. X
Jim 2= (
lim 2x
x—+00 2% |n 2

2 . 1

=)

-

In? 2 x—-+00 2%

0
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Limese oblika 0°, 1% i oc® svodimo na L'Hospitalovo pravilo
logaritmiranjem:

i g(x) =
Xll%rr;0 f(x) A /lIn
i g(x)) =
)(Il_)r'r)](0 In (£(x)&™)) In A
XI|_>n)1<O g(x)Inf(x) = InA
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3
Izratunajte limes lim (cos2x)x2.
x—0

lim (cos2x) z =
x—0

InA =

(1*°)=A /In
)!i_n}wo <In (cos 2x)x%>

lim % In(cos 2x) = (o0 - 0)

x—0 X
im 31ncos2x (0
x—0 X2 - 0
i oaox (—25sin 2x)
x—0 2x

61 sin2x . 1
—6 lim im

x—0 2x  x—0cos2x

—6-1-1
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InA
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6.6 Asimptote
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Vertikalne asimptote
Pravac x = c je vertikalna asimptota funkcije f : | C R — R ako je
lim f(x) =200 ili lim f(x)=+o0
x—ct X—C~

Napomena: Vertikalnu asimptotu traZimo u prekidima i na rubovima
domene.
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Primjer: f(x) = % Df =R\ {0}

Pravac x = 0 je vertikalna asimptota
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Horizontalne asimptote

Pravac y = c je lijeva (desna) horizontalna asimptota funkcije
f:I CR— R ako je

lim f(x)zc( lim f(x)zc).

X——00 X——+00

Primjer: f(x) = arctgx, Df =R

,,,,,,,,,,,,,,,, O oo reyepeyepupupupeguge
2 lim arctgx = T
x——+00 g 2
. m
lim arctgx = ——
X—$—00 2
S L B TP
2
™ . . . ™ ... .
x = — je desna horizontalna asimptota, a x = 5 je lijeva horizontalna

asimptota.
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Kose asimptote
Pravac y = kx + [ je lijeva kosa asimptota funkcije f : | C R — R ako

Jje

k= tim 52 im [£(x) — kx]

X—>—00 X X—>—00
Pravac y = kx + | je desna kosa asimptota funkcije f : / CR — R ako

Jje

k= tim 29 im0 — k]

X—+00 X X—r—+00

Napomena: Ako f ima lijevu(desnu) horizontalnu asimptotu, onda nema
lijevu(desnu) kosu asimptotu i obratno.
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Odredite sve asimptote funkcije:

3
2) () = 57t
x3 —2x —
b) f(x) = 2)(3;”1 ezl
c) f(x) = a{ctgeX
d) f(x) = — (sami)
e) f(x)=—Inx+2

_ 2x3 4+ 5x2 +3x+2

f) £ ot
(sami)

g) f(x)= 32x2(6 — x) (sami)

h) f(x) = %_X;_?) (sami)

i) f(x)=x+ 232rcctgx

i) f(x) = N (sami)
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Rjesenje: a) f(x) =

x3+1
3x2+1

Df = R, pa f nema vertikalnih asimptota.

k

f
lim ﬂ
x—+oo X
x3+1

im —
x—+o0 x(3x% + 1)

lim x3+1 . x3
x— T 3x3 +x X3

im 1 + =3
x—l>:too 3 _|-
1

3

| =

I|m [f(x) — kx]

x—+o00

I x341 1
X—I>I:Tt]oo 333+ x 3X

3x3 +3-3x3 — x

i

x=>koo 3(3x3 + x)
lim 3—x

s Loo O3 + 3x

0

1 . .
Pravac y = §X je kosa asimptota.
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_x3—2x—1

b) f(x) =
Df =R\ {1}
3 _2x—1
im f(x) = lim ~ "=
X —1- x—s-1— 2x3 42
= lim —
x——1-
= +OO
3_2x-1
im f(x) = lim > 2X"°
x——1% x—1+  2x3 42
- lim —
x—)lr—nlJr 0+
= -
x = —1 je vertikalna asimptota
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x3—2x—1

Jm f6) = lm o
1
2

1. : _
y=7le horizontalna asimptota
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c) f(x) = arctge®, Df =R

Nema vertikalnih asimptota.

+oo
lim f(x) = lim arctg &
X—r+00 X400 \ e’
3
o7
-2
0
. . =~
lim f(x) = lim arctg e*
X—>—00 X—>—OO\—V—/
0
= 0

™ . . . . .
y = > je desna horizontalna, a y = 0 lijeva horizontalna asimptota.

Kako f ima lijevu i desnu horizontalnu asimptotu, nema kosih.
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d) f(x) = 2 Df =R\ {0}
1
lim f = lim =
)=l e

= +OO
lim f(x) = lim 1
x—0+  xs0+ x2

= +OO

x = 0 je vertikalna asimptota Yy = 0
. . 1 -0
lim f(x) = lm = L=
x—F00 x—Fo0 X2
= 0

y = 0 je obostrana horizontalna asimptota

Kako f ima lijevu i desnu horizontalnu asimptotu, nema kosih.
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e) f(x) = —Inx+2, D = (0, +00)

Xlﬁ8+ f(x) = XILrE+(—Inx+2)
= —(—o00) +2
= —+00
x = 0 je vertikalna asimptota
AP = dp e+ 2)
= —00

f nema horizontalnih asimptota.

. f(x) . —Inx+2 00
lim —= = lim 7:<7)
xX—+o00 X X——+o00 X o0
_1
_L'H X
1
= 0

Kako 0 ne moZe biti koeficijent smjera kose asimptote, zaklju€ujemo da f
nema kosih asimptota.

Poglavlje 6 Derivacija ak. god. 2021./2022. 133 /188



Poglavlje 6 Derivacija

ak. god. 2021./2022.

134 /188



f) £(x)

_ 2x3 +5x2 +3x +2

Df =R
X2—|—]_ ' f

Nema vertikalnih asimptota.

k

f(x)

[im —=
x—too X
2x34+5x243x42
. — 211
lim —Xxt1
x—Fo0 X
! 23 +5x2+3x+2 X3
m .
X—F0o0 x3 + x x3
5 3 2
i 2FiE o td
1
x—rZEo0 1+ =z
2
— =2
1
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I = lim [f(x)— kx]

x—+oo

2x3 4+ 5x2 +3x+2

= lim — 2x
x—do0 x2+1
_ i 2x3 +5x2 +3x+2—2x3 —2x
o x—|>r:]r:]oo x2 +1
. bxX?4+x+2 x°
= lim ——: —
x—do0 x2+1 x2
1 1
~ im 2 et
x—+o0 1+ 712

= 5

Pravac y = 2x + 5 je kosa asimptota funkcije f, pa zaklju¢ujemo da f
nema horizontalnih asimptota asimptota.
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g) f(x) = /x?(6 — x), Df =R, pa f nema vertikalnih asimptota.
f(x)

k = lim —=
x—+oo X
. V6x2 — x3
= m ——
x—+o0 X
= lim ¢/ = —1
x—Fo0 X
- -1
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L'H

Pravac y =

Xx—Fo00
lim [\3/6X2 —x3+ X} = (—o00 + )
X—rFo0
1
lim {\3/6x2 - x3+ x} T
x—+Fo0 %

—x + 2 je kosa asimptota funkcije f, pa zaklju¢ujemo da f

nema horizontalnih asimptota asimptota.
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x2 —6x+3

h) f(x) = =——5— Dr =R\ {3}.
i X 6x+3 6 i X —6x+3 _ 6
x—3~ x—3 0" x—3t x—3 - of
= 400 = -0

Pravac x = 3 je vertikalna asimptota.

f
k = lim ) I = lim [f(x)— kx]
x—Foo X x—+£o00
x2—6x+3 x? —6x +3
_ i - | =
x—+o00 X x—F00 x—3
g o3 2 x? —6x 43— x> +3x
- X~I>ro:]oo x2 —3x = x? x—r£00 x—3
: 1-3+5 = lim —3x+3
= lim 3 X x—+oco x —3
x—+o00 1 2
= -3
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Pravac y = x — 3 je kosa asimptota funkcije f, pa zaklju¢ujemo da f nema
horizontalnih asimptota asimptota.
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i) f(x) = x + 2arcctgx, Df = R, pa f nema vertikalnih asimptota.

h

kq

[im
X—400 X
s
2 arcct
r X
1+ lim 228X
X—40c0o X
1
Jim[F() = b

lim @
xX—+oo X

X 4 2arcctgx

lim [x 4+ 2arcctgx — x]

X—+00

lim 2arcctgx

X—>+00

0

h

ko

lim M

Xx——00 X

X + 2arcctgx

lim
X——00 X
0
2 arcctgx
14 lim 228X
X——00 X
1
Xll>rl]oo [f(x) — kx]

lim [x + 2arcctgx — x]
X—>—00

lim 2arcctgx

X—r—00

21

Pravac y = x + 27 je lijeva kosa, a y = x je desna kosa asimptota
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, Df =R, pa f nema vertikalnih asimptota.

2
. . x—2 X
lim f(x) lim ————: =
Xx—>+00 x=+o0o \/x2 +1 X
_2
”T - x
X—r
1
lim f(x) (x & —x)
X—r—00
. —Xx—-2 X
lim —: -
x=+00 y/x2 +1 X
_2
“T - x
X—>+00
1+ %
-1
Pravac y = 1 je desna horizontalna, a pravac y = —1 je lijeva horizontalna
asimptota.
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6.7 Tok funkcije
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Odredite prirodnu domenu funkcije, nultotke, totke ekstrema, intervale
rasta i pada, asimptote, te skicirajte graf funkcije:
x3—4
_ f(x)=2
2) f) =1 d) f(x) a):Cjozsx —
_ x?—1 : e) f(x) = ——= (sami)
b) f(x) = e (sami) VX2 £ 2
[ 2
0) f(x) = —— |
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Dy x3—4
Rjesenje: a) f(X) = m

Domena: Df =R\ {1}

Nultocke:
flx) = 0
3
—4
X _ 0
(x—1)3
x3—4 =0
x3 = 4
X0 V4
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Ekstremi:

fx) =

f'(x) =

x3—4

(x—1)3

3x%(x —1)3 — (x3 — 4)3(x — 1)?
(x — 1)

(x —1)? (3x2(x —1)—=3(x3 - 4))
(x—1)°

33 —3x2 - 3x3 + 12

(x—1)*
—3x2+12
(x—1)*
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Odredimo stacionarne tocke:

—3x°+12 = 0
3x2 = 12
x2 4
X1 = —2, xp =

4
Funkcija f u x = —2 ima lokalni minimum i f(—2) = graux= 2 lokalni

maksimum i f(2) = 4.
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Asimptote:

lim f(x)

x—1-

lim f(x)

x—1t

lim ——
XLT— (X — 1)3

0_

—+00

im %
a1+ (x — 1)

Pravac x =1 je vertikalna asimptota
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Jm fe) = Im T
_ 4
= lim .
x—+oo (1 %)
=1

Pravac y =1 je lijeva i desna horizontalna asimptota, pa f nema kosih
asimptota.
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Domena: Df = R

Nultocke:
flx) =
x2—1
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Ekstremi:

) Odredimo stacionarne to&ke:

2x - e — (x2 = 1) - 2x

fiix) = e2x> 4x —2x3 = 0
2 3 2x(2-x?) = 0
- (2X_23:< +2x) x1=0,x=1v2 x3=—2
€ —c0 /2 0 V2 too
| w20 2 S
APV
m M

Funkcija f u x = 0 ima lokalni minimum, a u x = —V/2 i x = /2 lokalni
1
maksimum. f(ﬂ) = f(—ﬂ) =2 i £(0) = —1.
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Asimptote:

Nema vertikalnih asimptota.
2
. ) x-—1 00
lim f(x) = lim ——— = (—)
X—F00 x—Foco X
: ) 2x
=LH lim ——
x—Foo 2x - eX
1

= lim —
x—+oo X

= 0

Pravac y = 0 je lijeva i desna horizontalna
asimptota, pa f nema kosih asimptota.
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In? x

c) f(x) =

X
Domena: Dr = (0, +00)

Nultocke: Ekstremi:
I 2
flx) = "XX
f(x) 0
In2x = 0 2Inx-L.x—1In?x
fl(x) = X
Inx = 0 X2
x =1 _ Inx(2—1Inx)
= — 5
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Odredimo stacionarne tocke:

Inx(2—1Inx) = 0
X1 = eO
x3 = 1
X = 62
0 1 e2 +4oo
=1+ ]=]
PN 7 TN
m M

Funkcija f u x = 1 ima lokalni minimum i f(1) =0, a u x = €2 lokalni

4

maksimum i f(e?) = =
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Asimptote:
2

. . In"x
lim f(x) = lim
x—0+ x—0t X
prnd +OO

Pravac x = 0 je vertikalna asimptota

) . In? x 00
lim f(x) = lim = (—)
X—400 X——00 X oo
1
_L'H lim 2Inx- x
X——400 1
. 2Inx 00
= [im = (—)
x—+o00 X o0
. . 2
=LH lim —
X——+00 X

= 0
Pravac y = 0 je desna horizontalna asimptota, pa f nema kosih asimptota.
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d) f(x) = 2 arccos

X —

Domena:

1
Darccos = [_1, 1] — 1< ——<<1
x—1

1 1
-1 < < 1
- x-1 x—1 -
X 2 —x
0 < < 0
- x-1 x—1 =

x € (—00,0]J (1, +00) x € (—00,1)J[2,4+00)

Df = <_007 0] U [27 +OO>
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Nultocke:

f(x) = 0
2 = 0
arccos——
x—1
Xo = 2
Ekstremi:
f = 2
(x) arccos ———

filx) = -2 12;1)2.<(X11)2>

2

2
(x —1)24/1— (X—£1>
> 0
f nema ekstrema i raste na cijeloj domeni.
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Asimptote:

Nema vertikalnih asimptota.

lim f(x) = lim 2arccos
x—rFoo x—rFoo X —
= 2arccos0
T
- 2..
2
=T

Pravac y = 7 je lijeva i desna horizontalna asimptota, pa f nema kosih
asimptota.
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f(0) = 2arccos (—1) =27
f(2) =2arccos1 =0

A
2T

__________ dm _ _____Y=7T
0 2 -
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X2 + 2
Domena:
Df =R
Nultocke:
f(x) = 0
-2
XZ< _ 9
x2 4+ 2
x—2 = 0
x = 2
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Ekstremi:
x—2
x2 42
\/X2+2—(x—2)-27x1Tr2~2x
x2 42

flx) =

f'(x) =

x242—x242x
2v/x242
x2 42
2+ 2x
(x2+2)Vx% +2

Odredimo stacionarne totke:

242 —oo -1 +o0
] T
(x2 4+ 2)Vx%2 42 AR
24+2x = 0 m
X1 = -1

Funkcija f u x = —1 ima lokalni minimum i f(—1) = —/3.
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Asimptote:

Nema vertikalnih asimptota.

-2
im f(x) = Im —<2.%
x——+00 x—400 1/ x2 +1 X
_2
— “T - x
X—>+00 /1+7]é
=1
lim f(x) = (x4 (—x))
X—>—00 2
= lim X X
X—400 (—X)2 +1 x
_1-2
= lim —=
X—>+00 /]__‘_i2
= -1
Pravac y = —1 je lijeva, a pravac y = 1 desna horizontalna asimptota, pa

f nema kosih asimptota.
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Odredite prirodnu domenu funkcije, nultotke, totke ekstrema, intervale
rasta i pada, tocke infleksije, asimptote, te skicirajte graf funkcije:

a) f(x)=x- e c) f(x) = x%-27 (sami)

f
b) f(x) = x — 2arctgx d) f(x) = arcsin(e* — 1) (sami)
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m"“

Rjesenje: a) f(x) =x-e x
Domena: Df =R\ {0}

Nultocke: Jedina moguca nultotka bi bila xg = 0, no nije jer 0 nije u
domeni.

Ekstremi:

f(x) = x-e <

£ — e —5 —2
(x) = ex x-e | -3

> 0
Funkcija nema ekstreme i raste na cijeloj domeni.
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Tocke infleksije:

1 2 2 _1 4
f//(X) = e x2 . ; . <1 + )<2> + e x2 . <_)<3>
_ 2 n 4 4
= e X — —_—
x3 x5 X8

_1 (—2X2 + 4>
= e 2 _—
5

Odredimo to&ke infleksije:

—oo 2 0 V2 too
“2ts = 0 e
| U U

I\J‘H

X

X2 = 2 f ‘
Kandidati: x; = V2, xop = —/2

Intervali konveksnosti su <—oo, —\@> i <0,\/§> , a intervali konkavnosti

su (—v2,0) i (v/2,+00).
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Asimptote:

1
lim f(x) = lim x-e
x—0~ x—0~
= 0
. . _1
lim f(x) = lim x-e ¥
x—0+t x—0+
= 0

Nema vertikalnih asimptota.

_1
lim f(x) = im x-e ¥
x—+o0 x—+o0
= 4oo-1
= t$o0

Nema horizontalnih asimptota.
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x—+o0
ko= gim X -

1
x—Foo X ; e 2 0
= im ==
= lim e x x—>Fo0 % 0

x—Fo0

m"“

Pravac y = x je kosa asimptota.
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b) f(x) = x — 2arctgx
Domena: Df = R

Nultocke: xg =0

Ekstremi:
f(x) = x—2arctgx Odredimo stacionarne totke:
x2—-1 = 0
Flx) = 1- > @ =1
_ 1+ x? =2 —oco -1 1 +4oo
x2+1 f’H—G—‘—‘+‘
e AFINIva
o x2+1
Funkcija f u x = 1 ima lokalni minimum i f(1) =1 — g teux=—1ima
lokalni maksimum i f(—1) = T_1
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Tocke infleksije:
2 (2
F1(x) = 2x(x“+1) — (x* —1)2x

(x2+1)2

o 2x(P+1-x2+1)

- (X2+1)2

_ 4x

- (X2+1)2
Odredimo toZke infleksije: Co 0 4o
4x = 0 ] =]+
x = 0 Flnlul

Interval konkavnosti je (—o0,0), a interval konveksnosti je (0, +00).
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Asimptote:

Nema vertikalnih asimptota.
X — 2arctgx

k = lim
x—Fo0 X

2
— im ( L arctgx>
x—+o0 X

=1

h = lim [f(x) — kx] b

X——+00

= thoo [x — 2arctgx — x]

= Xl:rroo(—2arctgx)
— 9.7
2

= —T

lim [f(x) — kx|

X—r—00

lim [x — 2arctgx — x|
X—>—00

lim (—2arctgx)

X——00

Pravac y = x + 7 je lijeva kosa, a pravac y = x — 7 je desna kosa

asimptota.
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c) f(x) =x2.27%
Domena: Df = R

Nultocke: xg =0

Ekstremi:
f(x) = x%2.27%
fl(ix) = 2x-27X+x%-27%In2-(-1)

= x-27%(2-xIn2)

Odredimo stacionarne tocke:

2
x1=0,x = e
-0 x1 x  +oo Funkcija f u x = 0 ima lokalni
f/‘_“’“_‘ minimum i f(0) = 0, te u
FIN 2N\ _In2, _ _
m. M X = - ima lokalni maksimum

. 2 22 2
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Tocke infleksije:

f'(x) = 27%(2—-2xIn2)+ (2x — x2In2)(—27%In2)
= 27%(2—=2xIn2 —2xIn2 4 x%In?2)
= 27%(2—4xIn2+ x%In%2)

0 = 27%(2—4xIn2+x%In?2)
4In24 /16122 — 81In22
X12 = 5
2In<2
_ 4In2+2v2In2
N 21n22
—00 X1 X2 —+oo
Frl+ | =+

Flulnlul
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Asimptote:

Nema vertikalnih asimptota.

2
) . X 00
lim x2.27% = lim (z —)
X300 x—s+00 2% o0
, . 2x 00
=L'H lim (: —)
x—+400 2X|n 2 o0
, . 2
—LH [im —
x—+00 2X|n< 2
= 0
lim x?.27% = oo - 21
X—>—00
= +Oo

Pravac y = 0 je desna horizontalna asimpotota.
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Provjeravamo ima li f lijevu kosu asimptotu:

k = [im —=
X——00 X
. X2 .O—X

= lim
X——00 X

= [im x-27%
X—r—00

= 00-2T® =_—x

Nema kosu asimptotu.
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d) f(x) = arcsin(e* — 1)

Domena: Nultocke:
Darcsin = [_17 1] — -1<e¥-1<1

-1 < -1 ef—-1 < 1
" " e -1 = 0
0 < e ex < 2 X — 1
xeR x € (—00,In2) x =0
Df:<foo,|n2>
Ekstremi:
1
f'(x) = - eX
V1—(ex—1)2
X
- € >0
1—(ex—1)2

Funkcija f nema ektrema i stalno raste.
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Tokke infleksije:

e
f'(x) = —m————
2eX — e
X . 22X _ aX . 1 . X 2x
() e -V2eX —e A N (2e* —2e7)
2eX — e2x
2x
X . \/2eX — 2x_ex(ex—e )
e V2 —e s
- 2e% — e
ex(2exie2x)7ex(exie2x)
. \/26X—62X
B 20X — e

ex(zex o e2x) o ex(ex o e2x)

(2e% — )2

2x
e
= ——>0

(2ex — ezx)%

Funkcija f nema tocku infleksije i konveksna je na cijeloj domeni.
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Asimptote: Nema vertikalnih asimptota.

lim arcsin(e* —1) = arcsin(0—1)
X—>—00
m
2
™ ... . . .
Pravac y = 5 je lijeva horizontalna asimpotota. Nema kosu asimptotu.

A
us
2

\j

In2
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