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Definicija

Neka je f : | CR — R. Za F : | — R kaZemo da je primitivna funkcija

funkcije f ako je
F'(x) = f(x),Vx € I.

Uocimo da, ako je F primitivna funkcija funkcije f, onda je skup svih
primitivnih funkcija od f dan sa F + ¢, gdje je ¢ € R konstanta.

Definicija

Skup svih primitivnih funkcija od f nazivamo neodredeni integral i

oznacavamo sa / f(x) dx.
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Tablica vaznih integrala:

£(x) / F)dx | F(x) / F(x)dx
Xm+1
xm . meR\{-1} o +c || sinx | —cosx+ ¢
1 .
= In|x| + ¢ cosx sinx + ¢
X
1 1
5.2 arctg x + ¢ p—e tgx +c
L inx + L t +
—_— arcsinx + ¢ —ctgx+ ¢
V1—x2? sin? x &
X
a~ —+c shx chx + ¢
Ina
e* e+ c chx shx + ¢
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Pravila integriranja:
. / (F(x) £ g(x)) dx = / F(x)dx + / g(x)dx

o/(c- F(x)) dx = c-/f(x)dx
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Odredite sljedece neodredene integrale:

a) /(x2 — x)dx
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Odredite sljedece neodredene integrale:

X3 X2
a)/ x)dx= ?—?-i—c
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Odredite sljedece neodredene integrale

a)/ 3 2

x> X
dX ?—?-i—c
b) /(x‘lt —2xT + x 7)dx
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Odredite sljedece neodredene integrale: I

X X
a)/x —de—?—? c

b) /(x4 — 2T 4 X~ 7)dx— gxs - i—;lxlg + Zx7 +c
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Odredite sljedece neodredene integrale

X X
a)/x —de—?—? c

4 24 7
b) /(x4 — 2T 4 X~ 7)dx— Zxi— ﬁxg + 6X$ +c

5

c) / (tg®x)dx
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Odredite sljedece neodredene integrale

X X
a)/x —de—?—? c

b) /(x4 — 2T 4 X~ 7)dx— gxi - i—;lxg + ng +c

5 [ sin“x 1 — cos? x _ -
) /(tg X)dx_/cos2 dx _/ cos2 x dx_/(cos2x

tgx—x+c¢

5/

99
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Odredite sljedece neodredene integrale

X X
a)/x —de—?—? c

b) /(x4 — 2T 4 X~ 7)dx— gxs - i—;lxlg + Zx7 +c
sin® x 1 — cos® x 1
/(tg x)dbe= /cos2 o _/cos—zxdx_/(cos2x _1) o=

tgx—x+c¢

d) / 3% e dx
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Odredite sljedece neodredene integrale

x3 X2
—X)dx=">= - 4
a)/x x)dx 3 5 +c

b) /(x4 — 2T 4 X~ 7)dx— gxs - i—;lxlg + Zx7 +c
sin® x 1 — cos® x 1
/(tg x)dbe= /cos2 o _/cos—zxdx_/(cos2x _1> o=

tgx—x+c¢

X X Jo__ Xdl (36) _ 3¥e*
d)/3edx-/(3e) In(3e)+c_ln3—|—1+c
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7.1 Metoda supstitucije
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[ t=s) ==
Jfx)dx = {dt:gg(x)dx ¢ }

g'(g7(1))
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Odredite sljedece neodredene integrale:

) [ s
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Odredite sljedece neodredene integrale: l

t=5x—-2

dx
a —_— =
)/\/5x—2 dt = bdx j%:dx
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b) [ x- 7 dx
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2

t=x
b)/x-7x2dx =

dt = 2xdx = % = xdx

1
= - [ Tdt
g

7t
- 2|n7+c

2

7X
2|n7+
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c) [ cos(kx)dx
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t = kx

C cos(kx)dx =
)/ (k) dt = kdx :>£:dx

k
1
= k/costdt

= lantt
= ksm Cc

1
= % sin(kx) + ¢
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3x2dx
1+ x6
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d)/

3x2dx
1+ x6

t= x3

dt = 3x%dx
/ dt

1+ t2

arctgt + ¢
arctg x3+c
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cos \f
\/>
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-5

dx
dt = —— 2dt =
M - X

2 / cos tdt

2sint+ ¢

2siny/x+ ¢
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f) | tgxdx
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f)/tgxdx = /Smxdx
cos x

t = cos x
dt = — sin xdx

dt
t

= —lIn|t|+c
= —lIn|cosx|+c

Poglavlje 7 Neodredeni integral ak. god. 2021./2022. 13 /99



dx

g) [ ————
COS X -SInXx
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dx sin xdx
g) | ———— = —— 5
COS X - sin X COS X - Sin“ x

1 1
= / ) dx
ctg x sin“x

t =ctgx

dt

= —Injt|+c
= —lInjctgx|+c
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h) /x(2x + 10)™9dx
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t—1
t=2x+10 =x= 0

h) /x(2x+10)10dx = p C
dt = 2dx :>? dx
1 [t—10
= = 104t
2 2
1 11 10
= — [(t" —10t")dt
4
1 ¢ 10 ¢!
= - — = — . — 4

4 12 411

(2x +10)*  5(2x +10)"
48 22
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t?=e"—-1=e=t>+1

2
Dtdt — exdx = 19
241
/ 2tdt
t(t?+1)
dt
2 -
/ t2 41
2arctg t + ¢
2arctgv/eX — 1+ ¢
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)

dx

x2 + a2
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)/ dx 1/ dx
J 2.2 - 2 2
X<+ a a (g) +1
X
t="
B a
- d
{dtx
a
B 1/ adt
2] 241
Ly
a) t2+1
lact t+c
= -—ar
3 g

1act X—i—c
= —ar —_
a ga
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k)/ dx 1/ dx
72 o ey
a
t=2
a
- dx

dt = =
a

1 adt
a) v1—t2

= arcsint+c

X
= arcsin— +c¢
a
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Odredite funkciju F takvu da je F/(x) = X te F(0) =1.
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Odredite funkciju F takvu da je F/(x) = X e F(0) =1.

Rjesenje:

F(x) = /\/ﬁdx

t=x>+1

dt:2xdx:>%:xdx

_l/ﬂ
=3/ 3
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Odredite sljedece integrale:

x2+1

X =
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Odredite sljedece integrale: I

a)/xi/;ldx - /\/_dx—i-/—dx

3 1
= /xzdx+/x_2dx

2 s 1
= gxz +2x2 4+ ¢

Poglavlje 7 Neodredeni integral



b) /x(3x + 1)°dx
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t—1
t=3x+1 = x=-—

b) /x(3x+1)5dx =
dt = 3dx = dx:%
3 3

1

- 9/((t1)t5) dt
= é/(ta—tS) dt

_ 1 17 16
= 9(71“ 6t>+c
1 1)’ 1)°
_ ((3x+ ) (3x + )>+c

o\l 76
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c) /X\/ﬁdx
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t=2x+1 = X=—
C)/X\/2X—|—1dX =
1
4
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x3/x2 + 1 dx
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d) /x3\/x2+1dx =

L2 2,3)
= —|=t2 - = c
2 \5 3
(P+1): (P12,
= — C
5 3
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sin x t = cosx
e) / dx =

cos3 x dt = —sin x dx

dt
3

1

5 +c

1
 2cos?x te
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7.2 Metoda parcijalne integracije
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Odredite sljedece integrale:

a) /xex dx
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Odredite sljedece integrale:

a) /xex dx

u=x du = dx

dv=e"dx v=2¢"

xeX — /eX dx

xe¥ —e*+c¢
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Odredite sljedece integrale:

u=x du = dx
a) /xexdx =
dv=e"dx v=2¢"

= xex—/exdx

= xe*¥—e"+c¢

b) /xsinxdx
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Odredite sljedece integrale:

u=x du = dx
a) /xexdx =
dv=e"dx v=2¢"

= xex—/exdx

= xe*¥—e"+c¢

) u=x du = dx
b) /Xsmxdx = _
dv =sinxdx v = —cosx
= —xcosx+/cosxdx

= —XCcosx-+sinx-+c
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c) [ xInxdx
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u=Inx du:%

X
c) /xlnxdx =
2

dv = x dx v—X—

B 2Inx / %

x?1
= ;X‘z/X“

B x2In x X2+c
N 2 4
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d) [ Inxdx
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u=Inx MZJB
d%/hxw = X

dv=dx v=x

1
= xMx—/&~ck
X

= xlnhx—x+c¢
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e) [ arctgx dx
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e) /arctgx dx

dx

U:arcth du:m

dv = dx vV=x

X arctg x — / ﬁdx

t=1+x>
dt = 2x dx
[

x arctg x — —
8X75 | %

1
x arctg x — §In]t| +c

1
xarctg x — o In(1+x2)+c
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f) | € sinx dx
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U =sinx du = cos x dx

f)/exsinxdx =

dv =e"dx v =¢€"

= eXsinx—/eXcosxdx

U = Cos X du = —sin x dx

dv=e"dx v=¢€"

(ercos - [ - snn) )

= eXsinxeXcosx/eXsinxdx

= e*sinx

/exsinxdx = eXsinX—eXcosx—/eXsinxdx

/exsinxdx = e"sinx — eXcosx

2

1
e“sinxdx = Eex(sinx —cosx)+ ¢
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g) | cos(Inx) dx
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—sin(In x)

g) /COS(In x)dx = u=cos(lnx) du= - d
dv = dx
/ —sm Inx
= x cos(Inx) X - "
= x cos(Inx) +/sm (Inx)
I

_ u=sin(Inx) du= COS(X”X) dx

dv = dx V=x

i cos(In x)
= xcos(Inx) + [ x sin(Inx) — [ x- ——= dx
X

= x cos(Inx) + x sin(Inx) — /cos(ln x) dx

Poglavlje 7 Neodredeni integral ak. god. 2021./2022. 33/99



—— —

cos(In x) dx
cos(In x) dx

cos(In x) dx

x cos(Inx) + x sin(Inx) — /cos(ln x) dx

x cos(Inx) + x sin(In x)

1 .
Ex(cos(ln x) +sin(Inx)) + ¢
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h) /ﬁlnxdx
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dx
u=Inx du = —
X

h)/\/)?lnxdx =
dv = /x dx v:gx%

2%| 2/
= =x2lnx—= [ x
3

2

Nlw

1
- —dx
X

w

WIN

N

3 4 3
= =x2 Inx—§x2 +c

w
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i) [ arctgy/x dx
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) [ gy £
| arc X ax =
& 2t dt — dx

= 2/arctgt-tdt

u=arctgt du= dt

1+ t2
12

dv =tdt = —t
v V=3

= t2.arctgt 2/152 Ldt
- & 2 14 t2

1+12-1
— 2
= t arctgt—/l_'_tzdt
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~
N

1+t2 1
-arctg t — ——dt — ——dt
arcte </1+t2 /1+t2 )
t? - arctgt — (t — arctg t + ¢)

t2~arctgt—t+arctgt+c

x arctgy/x — \/x + arctgy/x + ¢
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j) /In(l + x?) dx

Poglavlje 7 Neodredeni integral ak. god. 2021./2022. 38/99



2x

u=1In(1+x% du= 5 dx
j)/ln(1+x2)dx = 1+x
dv = dx V=X
X2

1+ x? 1
— 2
= XIn(l+X)_2</H—)(2dX_/1+X2dX)

= xIn(1+x?) —2x + 2arctg x + ¢
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k)

/(X2 + 3x) sin x dx
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k)

/(X2 +3x)sinxdx =

u=x*+3x du=(2x+3)dx
dv =sinxdx v = —cosx

= —(x2+3x)cosx—|—/(2x+3)cosx dx

B u=2x-+3 du = 2 dx

B dv =cosxdx v =sinx

= (x2+3x)cosx+(2x+3)sinx2/sinx dx

= —(x®+3x)cosx + (2x + 3)sinx +2cosx + ¢
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t2:X

2t dt = dx
2/t-etdt

u=-=t du = dt

dv=cetdt v=oc¢et

2t-et—2/etdt

2t-et —2et + ¢
2y/x - eVX —2eV¥ 4 ¢
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7.3 Integriranje racionalnih funkcija
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Odredite sljedece integrale:

1
a) /—2x+1 dx
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Odredite sljedece integrale: I
1 t=2x+1
d =
a)/2x+1 X {dt:2dx}
1 /1
= — [ =dt
Ik

= 1In\t!+c
2
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b)/3x+ldx

x24+1
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b)/

3x+1
x24+1

dx

3x 1
d ——d
/x2+1 X+/x2—|—1 x
t=x?+1
dt = 2x dx
3/dt+ t +
— [ — +tarctgx+ ¢
2 ) ¢ &

3
§|n|t| +arctgx + ¢

3
5 In(x?> 4+ 1) 4 arctg x + ¢
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dx

x24+x+1
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/

dx

x24+x+1

X2+ x+3+3

2x +
V3
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x dx

2x2 -3
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d)/ x dx B t=2x2 -3
2x2 -3 | dt =4xdx

_ L

4] ¢t
1I|t|+

= —1In C
4

1
= ZInl2x2 -3
4n|x |+ ¢
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e)/ dx
x2—4

dx
/(X —2)(x+2) (+)

1 A B ,
= . —4
65D = xoatias /00
1 = Ax+2)+B(x—-2)
1 = x(A+B)+24—2B
0 = A+B
1 = 2A-2B
1 = 4A
A=t i op=-!
4 4
1 dx 1 dx
() = 3251
4 ) x—-2 4] x+2

1 1
ZIn\x—Z\—ZIn]X—i-2|+c
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f)/

dx

(x —a)P
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f)/

dx

(x —a)P

t=x—a
dt = dx

1 [dt

4 ) tP
t—p+1
—-p+1
1 1
—p+1 (x — a)(p—1)

+c

+c
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dx

ax?2 + bx+c¢
razlomke, ako je D = b®> — 4ac > 0. Ako je D < 0, zapisujemo ga u obliku

/ dt
t2 + a2

Napomena: Integral / rjeS8avamo rastavom na parcijalne
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Odredite sljedece integrale:
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—x*4+x+1
——=d
) [ e
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2
— 1
2) /X+X+dx

(x—1)3
—x2+x+1
(x—1)3
—x?+x+1
—x?4+x+1

—2A+ B
A-B+C

(*)

AL B € JRICE

x—1 (x=1)2 (x-1)3
Ax?=2x+1)+B(x—1)+ C
Ax? + x(—=2A+B)+A—-B+C

-1
l=B=-1
1—=C=1

S5 ey e

1 1
—1 2(x—1)?

—In|x —1] + +c
X
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x2+1

x4 — x3
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x2+1
x3(x — 1)

x2+1
x2+1

-B+C
-A+B
A+ D

x  x2 x—l

X—1

A3 — x2) + B(x? — x) + C(x — 1) + Dx3
x3(A+ D)+ x*(=A+ B) + x(—B + C) —

1 = C=-1

0 = B=-1

1 = A=-2

0 = D=2

=[S / yER
X

1
—2In|x|+ _1_2724_2“1
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(9]

f

x2 —12
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x2 —12

/x(x—2)(x+2) x
A, B C
X x—-2 x+2

dx = (%)

/.x(x —2)(x +2)

A(x? — 4) + B(x?® + 2x) + C(x* — 2x)
x?(A+ B+ C)+x(2B—-2C) —4A

-12 — A=3
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3/dx_/ dx _/ dx
X X —2 X+ 2
BIn|x| =In|x=2] =In|x+ 2|+ ¢

nl——|+c¢
x2 —4
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d)

/ dx B
x4 —-16

1
x4 — 16

1
1
1

A+B+C
2A-2B+D
4A+4B - 4C
8A—-8B —4D

/ dx

(x —2)(x + 2)(x2 + 4)
A B Cx+D

x—2 x+42 x244

= O O O
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dx = (%)

(x = 2)(x + 2)(x? + 4)

A +2x% +4x+8) + B(x® —2x%2 +4x —8) + (Cx + D)(x% — 4)
A(x3+2x%+4x+8)+B(x3—2x2+4x—8)+ Cx>—4Cx+Dx*>—4D
x3(A+B+C)+x?(2A—2B+D)+x(4A+4B—4C)+8A—8B—4D
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O O O = N S~ N

OO o

1 1 0.0
-2 0 110 N
4 —4 0,0 /:4
-8 0 —4'1 |
1 1 0,0
2 0 1'0]| n=2
1 -1 0,0 Hi=l
-8 0 —4'1] V-8l
1 1 0,0
4 -2 110
0 -2 0,0
~16 —8 —4'1 | IV-4ll
1 1 0,0
—4 -2 110
0 -2 0,0
0 0 -8'1
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C=0 —-4B-2C+D=0 A+B+C=0
1 1
_4B == _ 1
8 32
1
B=_—
32
i dx i dx 1/ dx
32 ) x—2 32) x4+2 8) x2+4+4
22— i fx 2] - Carctg s +
32nx n|x arcg2 c
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x2+x+1 = ()
x3 (X4 x+1)=x-1
—(x3+x2 +x)
—x? — x
—(—x?>—x—-1)

1
—-1)d —d
x )X+/X2—{—X—|—1X

L dx

2
— X4+ —

V3

1)+ (9)

2 1
arctg — | x+ - ) +c¢
&)
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Ix = (x)

f)/2x3+3x2+x—1
(X2 +2x + 2)?
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1

) /2x3+3x2+x—
(X2 +2x + 2)?
23 4+3x2+x—1
(x2 + 2x + 2)2
23 43x2 4+ x—1

23 +3x2+x—1
23 43x2+x—1

A

2A+ B
2A+2B+C
2B+ D

dx = (%)

Ax + B Cx+D
+
x24+2x+2  (x2+2x+2)
(Ax+ B)(x> +2x +2) + Cx+ D

Ax3 4+ 2Ax% +2Ax + Bx?2 +2Bx + 2B + Cx + D
Ax3 + x?(2A+ B) + x(2A+2B+ C)+2B+ D

2/-(X2+2x+2)2
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/ 2x —1 +/ —x+1 J
—X
X2 +2x +2 (x2 +2x + 2)?

2x —1 —x+1
e ——dx+ [ ———————dx
(x+1) 1¢ ((x +1)2+1)

—x+1 =>x=t—1
X

/2t / t+2
t2+1 (t2 +

1
/ (2 + 1)2dt

(*)
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2t
———dt
/ t2+1

W:t2—|—1
dw = 2t dt
diw

w

In|w|+c
In(t?2 +1)+ ¢

t
_/(t2+1)2dt

w=t>+1

1 dw
2/ w?
1 1 .
= _ . — C
2w

1
2(t2+1)
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[y
I

2
1
/t_'_zdt
(t2+1)

1

dt

t

1
70'1-_
/t2+1 /

u =

t

dv =

ot
(2 +1)2

-0

t2
By
(t2+1)
t-t
————dt
(t2+1)
= du=dt
1
dt =
VT e
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1
— —arctgt+c¢

tgt+ ————~
ATy 2

1
Earctg t+ +c

t
2(t2+1)

1 1 t
| 1.'2 1) — 3arctgt _— 2 = tegt _
n(t®+1) - 3arctg TS ( arcte +2(t2+1))+c

2
In(t? + 1) — 3arct t+#+arct t—i—#—i—c
T o) S )
142t
2
In(t +1)—2arctgt+m+c
2x+3

2
In(x +2x+2)—23rctg(x+1)+m+c
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eX
e) / & —2ex 110
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B / dt
N t2 -2t +10
B / dt

B (t—1)%+32
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7.4 Integriranje iracionalnih funkcija
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Odredite sljedece integrale:

) [
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Odredite sljedece integrale: I
) / dx x = t°
a _— =
2/x + I/x dx = 6t° dt

B / 615 dt

- 2t3 4 2
6t5° dt

A2t +1)

6t3 dt
- /2t+1 = (%)
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613

(A3 2
(6 + 3t%) :(2t+1):3t2—gt+%
—3¢t2
- (-3¢~ 31)
3t
3 3
- (3t+3)
_3
1
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3 3 3

2 4

t© — =t - — dt
/(3 2ty 2t+1>

3 3 3 1
t3—t2+t—/

dt
47 a4 ) 2t+1

3 3 3
t3—1t2+zt—§ln\2t+1|—|—c

3 3 3
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V4 — x2
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b)/X+2dx - /de—i-Q/ldx

V4 — x2 V4 — x2 V4 — x2

t=4—x

dt:—2de:>—%:xdx
1 dt 1

S LA Y

2/\/2 N

1
= —§-2ﬁ+23rcsin%+c

= —\/4—x2+2arcsin%+c
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c)/\/exi—ldx
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2= -1 = & =t>+1

2tdt = ¥ dx = 2tidtzdx

t24+1
B /t 2t dt
a 241
t2
= 2| ——dt
/t2+1
t24+1-1
= 2| —— " dt
/ t2+1

- /dt /t2—|—1d

= 2t—2arctgt+c

= 2y/eX—1—-2arctgv/eX—1+4c¢

c)/\/exi—ldx
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d) /In(x—i— x?+1) dx
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d) /In(x—i— x?+1) dx

[ u=In(x+Vx2+1)
du= <1+ &
x+Vx2+1 2Vx?+1
= B 1 (gl)jf—/u + x
CxHVREFL VX241
1
= ——dx
\ x> 41
= xln(x+\/x2+1)/ X
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t=x>+1
dt = 2x dx
dt
xIn(x + vx? + )— = de

xIn(x+\/x2+1)—2-Z\/f+c

xIn(x+\/x2+1)—\/x2—|—1+c

Poglavlje 7 Neodredeni integral ak. god. 2021./2022. 72/99



e) /e\/2x+1 dx
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e) /evzxJrl dx

2 =2x+1

2t dt = 7 dx
/et-tdt

u==t = du=dt
dv=eltdt = v=et
tet—/etdt

tet —et+ ¢
m e\/2x+1 _ e\/2x+1 +c
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?=x+3
)/ \/ﬁ - {2tdt:dx}

= lr;t-zfdt

= 2/Intdt
dt

u=Int = du:T

dv=dt = v=t

= 2t|nt—2/t-if

= 2tlhht—-2t+c
= 2Vx+3-Invx+3-2yx+3+c
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g)/(\/;(+\2?sin\/;<dx
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t=/x

(Vx + 1)sin/x _
g)/ x X = dt:;\/;;:2dt:j;
= 2/(t+1)sintdt

B u=t+1 = du=dt
N dv=sintdt = v=—cost
= —2(t+1)cost+2/costdt

= —2(t+1)cost+2sint+c
= —2(v/x+1)cosy/x+2siny/x+c
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2 . x X _ 42
exmd t"=e 1 = e =t"+1
I =

= 2t
eX+3 2tdt = ¥ dx = dt = dx
241

(2+1) -t 2t Jt
t2+4 2T

t2
=2
t2+4
t>+4—4
o[ty
t2+4
4
= 2/ 1—- dt
t2+4

1 t
= 2<t—42-zarctg>+c

2
\/eX—1>
T )t

= 2<\/ex— — 2 arctg
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7.5 Integriranje trigonometrijskih funkcija
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Prisjetimo se nekih jednakosti koje vrijede za trigonometrijske
funkcije:

i) sin?x +cos’>x =1
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Prisjetimo se nekih jednakosti koje vrijede za trigonometrijske
funkcije:

i) sin?x +cos’>x =1

ii) sin(2x) = 2sin x cos x
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Prisjetimo se nekih jednakosti koje vrijede za trigonometrijske
funkcije:

i) sin?x +cos’>x =1

ii) sin(2x)

2sin x cos x

iii) cos(2x) = cos? x — sin® x
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Prisjetimo se nekih jednakosti koje vrijede za trigonometrijske
funkcije:

i) sin?x +cos’>x =1
ii) sin(2x) = 2sin x cos x

2 2

i) cos(2x) = cos® x — sin“ x

iv) sinxcosy = % [sin(x — y) +sin(x + y)]
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Prisjetimo se nekih jednakosti koje vrijede za trigonometrijske
funkcije:

i) sin?x +cos’>x =1
ii) sin(2x) = 2sin x cos x

2 2

i) cos(2x) = cos® x — sin“ x
1
iv) sinxcosy = > [sin(x — y) +sin(x + y)]

v) sinxsiny = % [cos(x — y) — cos(x + y)]
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Prisjetimo se nekih jednakosti koje vrijede za trigonometrijske
funkcije:

i) sin?x +cos’>x =1
ii) sin(2x) = 2sin x cos x

2 2

i) cos(2x) = cos® x — sin“ x
1
iv) sinxcosy = > [sin(x — y) +sin(x + y)]
o 1
v) sinxsiny = > [cos(x — y) — cos(x + y)]

1
Vi) cosxcosy = > [cos(x — y) + cos(x + y)]
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Ako zbrojimo jednakosti i) i iii) dobijemo:
5 1 + cos(2x)

vii) cos® x = —
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Ako zbrojimo jednakosti i) i iii) dobijemo:
1 2
vii) cos®x = 1+ cos(ex) C;S( X)7

Ako ih oduzmemo dobijemo:

viii) sin?x = 1_CZS(2X)
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Odredite sljedece integrale:

a) /sinzx dx
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Odredite sljedece integrale: I
1-— 2
a)/sinzxdx = /ﬂdx

2
1 1
= E/ dx—i/cos(2x) dx
1 1

EX — Z sin(2x) +c
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Odredite sljedece integrale: l
1-— 2
a)/sinzxdx = /ﬂdx

2
1 1
= E/ dx—i/cos(2x) dx
1 1

EX — Z sin(2x) +c

b) /cos2x dx
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Odredite sljedece integrale: I
1-— 2
a)/sinzxdx = /#dx
1 1
= E/ dx—i/cos(2x) dx
1 1

= EX — Z sin(2x) +c

1 2
b)/cos2xdx = /+C+(X)dx

1 1
= 5/ dx+§/cos(2x) dx
1 1

= §X+Zsin(2X)+C
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c) [ sin(kx) dx
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t = kx

C sin(kx) dx =
)/ (k) dt = k dx =>£:dx

k
1
= /sintdt

1
= —Zcost+
kCOS C

=

1
= 7 cos(kx) + ¢
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t = kx

C sin(kx) dx =
)/ (k) dt = k dx =>£:dx

k
1
= /sintdt

1
= —Zcost+
kCOS C

=

1
= 7 cos(kx) + ¢

1
Napomena: Sli¢no se dobije i /cos(kx) dx = P sin(kx) + ¢
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d) /sin(3x) cos(2x) dx
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d) / sin(3x) cos(2x) dx = / fsin(3x — 2x) + sin(3x + 2x)] dx
= ;/[sinx—i-sin(Sx)] dx

- L cos(sx) +
= 2(:OSX 10COS X C
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2

e) [ sin®xcos? x dx
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1
e) /sin2xcoszxdx = 4/(25inxcosx)2 dx

1
= 4/sin2(2x)dx
t = 2x
T dt=2dx = %:dx

= 1/sinz(t‘) dt

8
= % (;t — isin(zt)> +c
?

1
= %—XS 5 sin(4x) + ¢
1
= %—?Tzsin(4x)+c
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f) [ cos* x dx
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f)/COS4xdx _ /(chs(zx)>z N

1
= 4/(1 + 2 cos(2x) +C052(2X)) dx
1 1 1 .
- o272 sin(2x) + 2 /Cosz(2x) dx
1 1 11 .
- 4X+4sin<2x>+4/+cgs<x>dx
1 1 1 .
= X + 2 sin(2x) + g% + 3 sin(4x) + ¢

3 1 . 1
= §x + 2 sin(2x) + £ sin(4x) + ¢
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g) [ sin®x dx
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sin xsin® x dx

g)/sinsxdx =

\\

sin x(1 — cos? x)? dx

_ {t:COSX }
dt = —sinx dx

= —/(1—t2)2dt

= —/(1—2t2+t4)dt

P J L

3 5

3

2 1
= —COSX—|—§COS X—gCOS X+ C
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h) / Vsin® x cos® x dx
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h)/\/sir173xcos3xdx = /\/SEcos2xcosxdx
= /\/sir173x(1—sin2x)cosx dx
t =sinx
B {dt:cosxdx}
= /\/t>3(1—t2)dt

= /(i‘g — t%> dt

= 2tg 2t%+c
5 9

2 2
= g\/sinsx— §\/singx+c
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) sin(In x) "
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. t=Inx
i)/sm(lnx) b = o

x dt = —
X

= /sintdt

= —cost+c

= —cos(lnx)+¢
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Napomena: Integrale oblika / vV a2 — x2 dx rjeS8avamo supstitucijom

Xx = a-sint, a integrale oblika / vV a2 + x?2 dx supstitucijom
x=a-sht.
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) [V ax
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dx = a-costdt

J)/\/ﬂdx _ {x:a-sint }

= az/\/l—sin2t-costdt
= 32/\/c052t~costdt

= a2/cosztdt
1 2
_ az/<+c<2>s(f)> dt

2

_ "’2/(1+cos(2t)) dt

a 1
= 3 <t ~3 sm(2t)> +c
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k)/mdx
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dx = a-chtdt

k)/\/a2—|—x2dx - {X:a'Sht }

= 32/\/1+sh2t'chtdt
= aZ/VCh2t-chtdt

= a2/ch2tdt
1 h(2

- 2/(1—|—ch(2t)) dt
= e tane) 4
= 5 25 C
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X
Promotrimo supstituciju t = th. Tada je:

dt

dx

1 1
— dx

2x
cos® 5 2

2 2 x

- 2 x X
sin“ 5 + cos idx cos® 5

2 x : 2 x
2 cos > cos” 5

tgzg +1

> dx

t2+1
2

2 dt
241

dx
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sin x

gn(2-%)

X
2 -sin = cos
2

o X X
.Sln2C052

PoX X
sin ECOS§ ] Cos

X

X

tg25 4+ 1

2t
t2+1

sin? 3+ cos? 5 " cos?

NIX [NX
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X
cosx = cos(2-—
2
X . X
= Co0s* — —sin” —
2

x
cos” — —sin
2

N[ X

X .
cos? = — sin?
2

COs

NIX (N | X
NIX [Nl X

sin2§+cos2 " cos?
2
1—tg"3
2
tg?3 +1
1—t2
t2+1
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Dakle, kod supstitucije t = tg% vrijedi:

2 dt . 2t 1—¢t2
SIn X = COS X =

dhe— =P
TP 2+ 1 2+ 1
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Odredite sljedece integrale:

a)

/ COS X dx
1 + cos x
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Odredite sljedece integrale
a)

(1.‘ =tg—-
/ cos x d 2dt
= Ix 5

1+ cos x 1+t
_ g
XTI )

/ 1+—t5 2dt

1—2
1+_t2

1+ t2
/ l—i-_t7

2 dt
1+t2+1 t2

1422
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2
[(er22)

—t+ 2arctgt+ ¢

t X—%2 t G X)—%c
—tg— arc =

52 g g2

X
—m§+x+c
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b)

/ dx
8 —4sinx + 7 cos x
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b)

/ dx B }
8 —4sinx +7cosx

_ 1+t2 )
- + 1= 7t2

1+t2 1+1t2
2 dt

8+8t2 8t+7 7t2

B 2/ dt
- t2 —8t+15

dt
A GoNS
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A

t_3+tl_35 /-(t—3)(t—5)

A(t —5) + B(t — 3)
t(A+ B)—5A— 3B

A+ B
—5A-3B
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_/ dt +/ dt
t—3 t—5

—In|t=3|+Injt—-5|+c

t—5

f_3| ¢

tgs —5
tg3 — 3
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