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Teorem (8.1)

Neka je f : [a, b] — R neprekidna funkcija na segmentu [a, b]. Tada vrijedi
Newton-Leibnizova formula:

b
/ F(x) dx = F(b) — F(a),

gdje je F bilo koja primitivna funkcija od f.
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Svojstva odredenog integrala:

o/af(x)dxzo

° /Cf(x) dx:/bf(x) dx—I—/f(x) dx,Vb € (a, c)

b

b b
(f(x) £ g(x)) dx:/f(x) dx:l:/g(x) dx

m\w
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b

(c-f(x)) dX:C'/f(X) dx

a

a

b
a/
a

° /f(x) dx = 0, ako je f neparna na [—a, a]
—a
—a

f(x)dx = 2/f(x) dx, ako je f parna na [—a, 3]
0
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8.1. Metoda supstitucije u odredenom integralu
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Odredite sljedece integrale:

jus

2
a)/ cos x dx B
1+sin®x N
0
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Odredite sljedece integrale:

jus

a)jCOSXdX B t =sinx x=0 +— t=0
1+sin2x dt = cos x dx x:g — t=1
0
1
B dt
N 1+t
0
1
= arctgt
egt],

= arctgl —arctg0

™

4

u}
)
I
I
it
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V(x—2)?

————dXx
J V(x—=2)2+3

Poglavlje 8 Odredeni integral ak. god. 2021./2022. 7/35



3=x-2

B x=3
N x =29
3t% dt = dx

3 t2 ,
= - 3t° dt
/t2+3
1
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t4 (2 +3)=t>-3

—(t* + 3¢t?)
—3¢t2
— (—3t2-9)
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1 9
3(=t3—3t+ ——arct >

(3 V3T
3<27—9+ 2 arctg

3

T 1 ™

3(3\f-3)—3<3—3+3x@-6>
3\/§7r+8—3\/2§7r

3v3
8+ \?T
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In2

c)/mdx =
0
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P=e-1 = &=t’+1
In2 x=0 = t=0
o fvemte - Ll DL
0 2t dt
2t dt = e dx = S =
tce+1
1
B /t 2t dt
- 2 +1
0

12
:2/tdt
t24+1
0
1
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2[ (1)

0
2(t— arctg t) ‘0
2(1 —arctgl) — 2(0 — arctg 0)

7r
o_ L
2
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d) dx B
xvV9 —2lnx N
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t2=9—-2Inx = t=+9—-2lnx

4

€ dx X = = t=3

d - = _ 4 _

)1/X\/m X=e 1 — t=1
tht——idx
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8.2 Metoda parcijalne integracije u odredenom integralu
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Odredite sljedece integrale:
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Odredite sljedece integrale:

1

= = du=4d
a)/xexdx = e e

dv =e"dx = v=¢€"
0
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1
%_ezi %Xezx ;/ezxdx

0
te 1 e? + - (2 - €9
(@)
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o—_ .

x3e® dx
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o—_ .

x3e® dx

u=x3 = du=3x%dx
1
dv=e*dx = v= §e2X
1 3 /
Zx3e2x| — = /x2e2x dx
o 2
0
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d) [Inxdx =

[y
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e dx

:I = —
d)/lnxdx = u=lnx = du X
1 dv=dx = v=x
e
= xInxe—/X %
= ) ~
1

‘ e

= (e-Ine—1~In1)—x1

= e—(e—1)
= 1
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e)

o .

In(1 + x?) dx
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e)

o .

In(1 + x?) dx

u=In(1+ x?)
dv = dx
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1
In2 — 2 (x — arctg x) ’0

|n2—2<1—f)
4

71'
In2 -2+ —
n +2
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ol

f) | xcosxdx =
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u=x = du = dx
f) [ xcosxdx =

dv =cosxdx = Vv =sinx

O\m\:

sin x dx

Il
X
1]
=}
X
o E]
o\w\a

ol

LT
‘S|n§ + cos x

0

-1
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g) [ efsinxdx =

o
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u=-sinx = du = cos x dx

g)/exsinxdx =

dv=e"dx = v=¢€¥

0
™
. iy
= e sinx| — | eXcosxdx
0
0
U = Ccos x = du= —sinxdx

dv=¢e"dx = v=¢€"

= — | e*cosx

;T /ex(sinx) dx
0

i
= —e"cosm+e’cos0— [ e sinxdx
\,1./ Hl,_/
- 0
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2

O 5 O T— 5O

e* sin x dx

e*sin x dx

e*sin x dx

™

1—|—e”—/exsinxdx

0

1+ €™

1+e™

2
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0 1
-1 —X
—e "+ (—e
(—e )|
—el—e 140
2
1—Z=
e
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8.3 Nepravi integral
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1. tip: Integrand f nije ograni¢en na podruju integracije. Neka je
f:[a, b) — R neprekidna i lim f(x) = 4o00. Ako postoji

x—b~

C
L= IirE /f(x) dx kaZzemo da nepravi integral konvergira i
c—b™
a

pisemo:
b c

/ fx) = lim / f(x) dx

a a

Inale, kaZzemo da divergira. Sli¢no postupamo i u slu€ajevima kada
f(x) — —oo i za slutajeve kada f nije ogranitena u a.
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Odredite sljedece integrale:

o s
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Odredite sljedece integrale:

Nepravi integral jer

1
V1—x2

= lim

/ dx
b—1— V1-— x2
0

b
= lim | arcsin x’
b—1— 0

= lim (arcsin b — arcsin 0)

b—1—
s
2

— 400 kad x — 17.

u}
)
I
il
it
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o—_

Bk
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1
/dx
lim <=
a—0t X
a
| S
im | = -x3
a0+ \ 2 a
lim (-l§—3 a§>
a—0t 2
3
2
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1

1
dx . dx
o[ — = lm [ —
X a—0t X
0

a

1
= lim (In ]x\‘ )
a—0+ a

= lim (Inl1—-1Ina
g (1 =Ina)

= 0—(—00)
= 400 = integral divergira

Napomena: Ako se tocka u kojoj funkcija nije definirana ne nalazi na
rubu nego unutar segmenta integracije, onda se interval rastavi na dva
intervala s tom to¢kom kao granicom.
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d. 0d 1d

X X X

O[5 = 5]z
0

-1 -1
b 1
) dx . dx
= lim —+ lim —
b—0— X a—0t X
—1 a

. 1b _ 1
= lim ——‘ + lim [ ——
b—0— \ Xxl-1 a—0+t | X

) -1 o1
= im — —1-+ Ilim ——1
b—0— b a—0t a
—— ——
+oo —+o00

= 400 = integral divergira

)
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2. tip: Podrugje integracije je neogranieno. Neka je f : [a,+00) — R

b
neprekidna. Ako postoji L = |im /f(x) dx kaZzemo da nepravi integral
b—+o0
a
konvergira i pisemo:
400 b
f(x)dx= i f(x)d
[reasce in_frvae
a a

Inale, kaZzemo da divergira. Sli¢no postupamo i u slu€ajevima kada
f:{—oo,b] > Rif:{(—00,+00)— R.
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Odredite sljedece integrale:
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Odredite sljedece integrale:
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b—+o00
lim
b—+o00

lim
b—+o0

H\@
x| &

()

Inb
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“+00

—00

dx
1+ x2

Poglavlje 8 Odredeni integral

ak. god. 2021

/2022.

35/35



+o0 0 +o0

)/ dx B / dx +/ dx
¢ 1+x2 1+ x2 1+ x2

—00 —0o0 0

0

b
i / dx /
= im
a——o0 | 14 x2 b—>+oo 1+
a 0
)+ lim (arctgx )
b—+o0

= lim (arctg0—arctga)+ lim (arctg b— arctgO0)
A —00 e N — b—+00 N — N —

a——0o0

= lim (arctgx

INJE]
(NIE}

== s
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