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9.1 Povrsine ravninskih likova
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P= /b F(x) dx P= /b (F(x) — g(x)) dx
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Odredite povrdinu lika omedenog krivuljom:

a)y =v1—x2iosix.
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Odredite povrdinu lika omedenog krivuljom: l

a)y =v1—x2iosix.

A
y=+v1-a? Odredimo sjecista krivulja:
Vi-x2 = 0
1-x> = 0
P x> =1
_ X1 = —1i Xp = 1
~1 1
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1
P = /\/1—x2dx
1

X =sint x=-1 — t=-—

dx = cost dt x=1 — t=

3
= /\/1—sin2t cost dt
-5
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b) y = x(x —1)(x — 2) i osi x.
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b) y = x(x —1)(x —2) i osi x.
A

y=xz(x—1)(x —2) y = x(x-1)(x-2)
- = 2-x)(x-2)
1 = x3—-2x2 - x%2+2x

\j
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P = [(*=37+2x)dx P, = (x® = 3x* + 2x) dx

1 1 1 2
—x* — x3 + x2 ‘ = — [ x*=x3+x? ’
4 0 4 1

_ —(4—8+4)+<i—1+1>

—
H\I\)

I

P=P+P=

NI= N
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Odredite povrsinu lika omedenog krivuljama:

a)y=Inxiy=In?x
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Odredite povrsinu lika omedenog krivuljama:

a)y=Inxiy=In?x

Odredimo sjecista:

In°x = Inx
In?>x—Inx = 0
Inx(lnx—-1) = 0

Inx=0ilnx=1

x1:1ix2:e
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(Inx — In? x) dx

H\..mH\m

e
Inxdx—/|n2xdx
1

A O
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e

= /Inxdx

1
u=Inx = du:%
— X
dv=dx = v=x
= xInx /)(

1
= 1)
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e

/In2x dx

1
2lnx d
u=In’x = du:u
X
dv=dx = v=x
e
xlnzxe—/)( 2Inx dx
1 p e
1
e
e—2/|nxdx
1
———
A
e—2
1—(e—2)
3—e
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1
b)y:—x2—2x+1iy:—§X
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1
b) y = —x?>—-2x+1 iy:—ix
Odredimo sjecista krivulja: A
—x?—2x+1 = - x
2 _ 1 Y = _$2+2x_
—x2—Zx+1 = 0 /-(=2) ¥~ 737
2x2+3x—-2 = 0
. P
—34+./32-4.2-(-2) . 1
X1,2 = | 5
4 i 2
—3++4/25 ¢ v
X1,2 = /_2
4 1
X1 =—-21x0= 5
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8 x2

V== 7
Odredimo sjecista krivulja:
8 x
x2 + 4 = 7
x*+4x2-32 = 0
x4 4+8x2—4x>-32 = 0
X°(x*+8)—4(x®>+8) = 0
(x> —4)(x>+8) = 0
(x—2)(x+2)(x>+8) = 0
X1 =—21x0=2
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2

2
/ 28 _x dx
x4+ 4 4
1

-2

1 X 1 2

4. Zarcte X 2.2 3 )

<8 Zarcg2 235,
1

darctgl — — - 23 ) —

(arcg 5 >

) (75

7 N

4arctg (—1) — % . (—2)3>

TN
BN
|
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d)y=x>+2x—-3iy=-2x—-3
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d)y=x>+2x—-3iy=-2x—-3

A
T
Odredimo sjecista krivulja: f:
x> +2x—3 = —2x-3 N/&
xX>4+4x = 0 !D
x(x+4) = 0 0 =
x1=-—41ix=0
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(=2x =3 —x* — 2x +3) dx

Z
Z
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e)y=e,y=e"ix=1

Odredimo sjecista krivulja:

eX — e—X :
[
x =0 Iy =e®
[
. [
P = /(exe_x) dx
0
1
. (ex + efx)
0 1 -
= (et+el) = (2+€9) |

Poglavlje 9 Primjena integrala

ak. god. 2021./2022.

20/118



fyx=2—y—y?iosiy
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fyx=2—y—y?iosiy

Odredimo sjecidta krivulje s osi y: 1
2-y-y? =0 \

2 _
y°+y—-2 =0 P
(y+2)(y-1) = 0

yi=-2iy=1
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U presje¢nim totkama pravca y = 0 i parabole y = x> — 4 povucene su

normale na parabolu. Odredite povrsinu odredenu normalama i parabolom.

Poglavlje 9 Primjena integrala




U presje¢nim totkama pravca y = 0 i parabole y = x> — 4 povucene su
normale na parabolu. Odredite povrsinu odredenu normalama i parabolom.

y'=2x,pajey'(2) =4, ay'(-2)= -4
Normala u to¢ki T1(—2,0) je: Normala u togki T»(2,0) je:

1
y—0 = Z(X+2) y—0 = _Z(X_2)
_11 _o1
mey = x5 M.y = =X+
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y=_1.\ 1 .-
L Ry
=) Sp——

p| P
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Kako je P1 = P5, dovoljno je raunati samo P;.

P = 2.P
Fr11
- - -2
= 2/< 4x+2 X+4>dx
0
; 1 9
_ 2 = e
= 2/<X 4x+2) dx
0
1 1 9 \ |2
— 2| I3 _Zx24 7 ‘
(3X 8X+2X)0
1 1 9
= 2(-—2-22--.2242.2]-0
<3 g < T2 )
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Odredite povrdinu omedenu krivuljama ki...y = —x? + 6x — 5,
k...y = —x?> 4+ 4x — 3 i osi x.
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Odredite povrdinu omedenu krivuljama ki...y = —x? + 6x — 5,
k...y = —x?> 4+ 4x — 3 i osi x.

Odredimo nultocke krivulja:

—x*+6x—-5 = 0 -x*4+4x-3 = 0
~x?24+5x+x-5 = 0 ~x?>+3x+x-3 = 0
—x(x—=5)+(x—=5) = 0 —x(x=3)+(x—-3) = 0
(—x+1)(x—=5) = 0 (—x+1)(x—=3) = 0
xx=1ixx=5 x1=1ixx=3
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5
(=x* +6x — 5 — (—x* + 4x — 3)) dx+/(—x2+6x—5) dx
3

(2x —2) dx+ [ (—x* +6x —5) dx

'—‘\w H\w
I—l w\m

(x2 — 2x) ‘3+ (

5
X3 4 3x2 —5x>(
1 3

3"
12 27
(9—6—1+2) +<—5+75—25+3—27+15>

44 <938+38>

16
44+ ==
+3

28

3
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krivulju u tocki T(

2 Z) i osi x.

Odredite povrsinu omedenu krivuljom k...y = 2x — x?, tangentom na
13
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Odredite povrsinu omedenu krivuljom k...y = 2x — x?, tangentom na
krivulju u to¢ki T (5, Z) i osi x.

Odredimo nultotke krivulje i jednadZbu tangente:

2x—x> = 0 y' = 2-2x
1
x2-x) = 0 y' (5) = 1=k
3 1
pum— i :2 _—— fr— 1 —_——
x1=01ix y 2 (X 2)
t...y:X-l—Z
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Odredite povrginu omedenu krivuljama kj...y = 6x% — 5x — 1,
ko...y =cos(mx), x=01ix==.
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Odredite povrginu omedenu krivuljama kj...y = 6x% — 5x — 1,

ko...y = cos(mx), x =01ix = 5"

1
Zax=0ix= 5 imamo: Odredimo nultotke parabole:

cos0 = 1 6x2—5x—1 = 0
T 2

cosE = 0 6x“—6x+x—1 = 0

bx(x—1)+(x—1) = 0

(bx+1)(x—1) = 0

1
xlz—aix2:0
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1
T
1 . 1
—sin— — —
T 2 4
L7

8
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9.2 Volumen rotacijskih tijela
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Volumen tijela dobivenih rotacijom oko osi x:

f(x)

\
o A R N

.Tf T Tb—
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Volumen tijela dobivenih rotacijom oko osi x:
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Volumen tijela dobivenih rotacijom oko osi y:
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Volumen tijela dobivenih rotacijom oko osi y:
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Ako je x = f(y) i ti-

jelo je dobiveno rotaci-

jom oko osi y na seg-

mentu [c,d], onda je
d

V=m / f(y)* dy

C
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1
xv1 + x?

Odredite volumen tijela koje nastaje rotacijom funkcije f(x) =

oko osi x na segmentu [1, \/§]

Poglavlje 9 Primjena integrala ak. god. 2021./2022. 41 /118



A B C+D

x  x2 14+x2

/ -x2(14 x?)

A 4+ x) + B(1 + x?) + Cx3 + Dx?
x3(A+C)+x*(B+D)+Ax+ B

OO o

= (C=0
= D=-1
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Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljom
y = e %, pravcem x = L i koordinatnim osima x i y, oko osi x.

L
Ve, = 77/e‘2xdx
0
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Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljama
y =x?iy=/x, oko osi x.

Odredimo granice integriranja:
x? =

B
~

x* =

xt—x =

x(x3-1)

x(x =1)(x>+x+1) =
x1=0ix=1

Il
o o o x

u}
)
I
il
it
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Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljama
y=x>—2x+2, y=—2x+6iosiy, oko osi x.

Odredimo sjecista krivulja:

x2—2x4+2 = —-2x+6
xX*—4 =0
X1=—2iX2:2
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s

[(=2x+6) = (x2 = 2x+2)°| dx

Arx/f—24x+36—x4—5|rx/f—4+4x3—4x2+8x dx
|

T [—x4 +4x3 — 4x% — 16x + 32] dx

O, O —,, O—,

2

1 4
s [—5x5 + x* — §x3 —8x2 + 32x}

0
1 4
m|——-32416—--8—-32464—-0
5 3
4641
15
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Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljom
y =sinx i osi x, na segmentu [0, 27], oko osi x.
Yy =sinzx

Kako imamo dva jednaka volumena, dovoljno je radunati jedan.
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™

2 w/sin2xdx

0
27r/ 1 — cos(2x) dx
2
0

T (x - = sin(2x))

0

1 1

T <7r - Esin(27r) -0+ 5 sin O>
2
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Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljama
y =X, ¥y =+/2—xiosi x, oko osi x.

S

~

V3
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1

|
¢

2

\/§2dx+w/\/2x2dx
1

2
de+7r/(2x)dx
1
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Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljama

y:x2,y:)—(,x:eiosix,okoosix.

Odredimo sjecista:

1

x2 = =
X

x3 =1
x = 1
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0
1
x° 1
T—| —7—
5 X
0
T 7r+
- — — 4+
5 e
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Odredite volumen tijela koje nastaje rotacijom lika omedenog kruvuljom
y =sinx i osi x, na segmentu [0, 27], oko osi y.
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™
2 27r/xsinxdx
0

u=2Xx = dU:dX

dv =sinxdx = v =—cosx

g m

47 (—x cos x) —|—/cosxdx

0 o
i

47 (—m cos(m) — 0) + sin x
0

472

Poglavlje 9 Primjena integrala

ak. god. 2021./2022.

56 /118



Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljom
y? =4xix =4, okoosi y.

4
—/4_
' / 4 y4
g = 7r/ 16——] dy
- —4

==V~ = 16

—_ — = 4
- == }/5
— == o e 16 —_

: = “( d 80) B

1024 1024

— \ = 7r(64——80 +64——80)

ak. god. 2021./2022. 57 /118
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Odredite volumen tijela koje nastaje rotacijom lika omedenog krivuljama
y=x?>—-2x+2,y=—-2x+61iosiy, oko osi y.

Odredimo sjecista krivulja:

x2—2x+2 = —-2x+6
x*—4 =0
X1——2iX2:2
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1
2T <—4X4 + 2x2
21 (—4+8)
8
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X.

X2

2

b2

Odredite volumen tijela koje nastaje rotacijom elispe — + <5 =1 oko osi
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4
= gab2ﬂ'

Uocimo da, ako je a = b = r, promatrano tijelo postaje kugla, a rezultat

4
zadatka nam daje da je V = §r37r.
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gdje je r < b, oko osi x.

Odredite volumen tijela koje nastaje rotacijom kruga x> + (y — b)? = r?
Rotacijom kruga dobije se torus.
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X2+ (y = b)?
(v — b)?

Y1

2

r? — x2 /\/
b++VrZ—x2
b—+vr2—x2
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r

7r/(yf—yzz) dx

—r

r

ﬂ/<(b+m)2_(b_m)2) dx

—r

r

77/(,bz+2b\/r2fx2+/Z*/Z*1?{Z+2b\/r2—X2f/Z+/Z) dx

—r

r

4b7r/\/r2—x2 dx
—r

. T

X =rsint X=—r = t=—-—=

2

{dt:rcostdt X=r +— t= }
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= 4br

\w\ﬁ

Vr2 —r2sin?t-rcost dt

nl3

7
= 4r2b7r/\/1—sin2t-costdt

SERNE]

4r? by

—

cos® t dt

NERE]

4r2br / L cost2t) c;)s(2t) dt

SERNE]

2r2br

—

(1 + cos(2t)) dt

ol
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us
2

1
2r2br <t + 5 sin(2t))

P

2pr (T Ly Tl
2r b7r<2+2sm(7r)+2 2sm( 7r)>

2r2pr2
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0.3 TezZiste
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Neka je f : [a, b] — R neprekidna. Koordinate teZista T lika omedenog

grafom ove funkcije i osi x

dane su formulama:

b b
[ xf(x) dx [ f(x)? dx
xr="—— i yr=
J f(x) dx 2{f(x)dx
A
f(@)

y

)
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f(x) =sinx na [0, 7] i osi x.

™

0
XT =

Odredite teZiste homogenog lika gusto¢e 1 omedenog grafom funkcije
[ xsinx dx

iy
fsinx dx
0
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™

. u=Xx = dU:dX
xsinxdx = i
dv =sinxdx = v =—cosx
0

e s

= —XCOSX +/cosxdx
0 o
s

= mw+sinx
0

= 7
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m s

/sinxdx = —CosXx
0 0

= 1-(-]

N
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YT
™
S sin x dx
0

YT

i
i sin? x dx
0

/

™
2 [sinx dx
0
1 — cos2x
™ dx
2
11 "
5%~ 4sin(2x)) :

ol

3
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Imamo da su koordinate teZista T = (5, 3

A

-

f(z) =sin(x)

— — T

Iy S
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Koordinate teZista lika omedenog grafovima neprekidnih funkcija f i g na
segmentu [a, b] i pravcima x = a i x = b dano je formulama:

b b
{X(f(X)—g(X)) b !(f —g(x)?) dx

XT = b | yr = b
{(f(x) —g(x)) dx 2{ x)) dx
A |
! | f(x)
N e
T !
| 'T |
—— | g(x)
| |
n D
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Odredite teZiste homogenog lika gustoc¢e 1 omedenog kruZnicom
x? 4 y? = 2 i parabolom y = x2.

Odredimo koordinate sjecista krivulja:

N

X24y? =

-1 L
xX4+x2-2 = 0 I I
X =1 x3==2 ! !

| |
x1=-1,x=1
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—

XT

X(\/2—X2—X2) dx

XT

X( 2—X2—X2) dx

.l_.%.—n

1

f( 2—X2—X2> dx

-1

= 0  (funkcija neparna)
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L—

L—_
7N

<
yr = 1
J

1
<(\/2—x2)2—(x2)2> dx = /(2—X2—X4) dx
X1
1 1 '
_ _=-,3_ =5
= <2X 3x 5x>
-1
1 1 1 1
= (2‘3‘5 2‘3‘5)
Cw
15
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L—

(\/2 — x2 —x2) dx

yT

x=v2sint = dx = v/2cos tdt

44

. 3m+2
2 6
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Neka je f : [a, b] — R neprekidna. Koordinate teZista T tijela dobivenog
rotacijom grafa funkcije f oko osi x dane su formulama:

b
[ xf(x)? dx

a

5 iy = 0 zbog simetrije.
J f(x)? dx

XT =
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Tijelo dobiveno rotacijom oko osi y ima koordinate teZista:

xt = 0 zbog simetrije i yr =
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Odredite teziste homogenog tijela gustoce 1 koje se dobije rotacijom
funkcije f(x) = €~ na segmentu [0, 1]:
a) oko osi x
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u=x = du=dx
1
dv =e* dx = v:§e2x
1 1
1 1
5X€'2X —2/62X dx
0 0
1 1
Z.1 2 2x
> e 0 e
0
e? ez+1
2 4 4
e2+1
4
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e dx

o—_ .

241
Imamo da su koordinate teZista T = < e+ 0>.

2e2 -2’
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b) oko osi y

y = f(x)

y = ¢€* /In

Iny = x

fi(y) = Iny
e
JyIn?ydy
1

yr = p
[In?y dy
1
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H\..m

yIn?y dy

1
u=1Iny = du=2Iny-=dy
y
1,
dv=ydy = V=Y
1 ©
AL —/ylnydy
1 1
5 e
e
— - Iny d
> /yny y

1
1
:lny = du:fdy

1
dv=ydy = v:ay

al
2 2
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e
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1
/ ) u=In%y = du=2Iny-=dy
In“ydy = y

dv=dy = v=y

[y

2. |° [
= vyln y‘1—2/lnydy
1
e
= e—2/|nydy
1
1
u=Iny = du=—dy
= y
dv=dy = v=y

e

e
= e—2 ylny‘l—/dy
1
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e
- -2
= e—2(e—e+1)
= e—2

2
-1
Imamo da su koordinate tezista T = ( 0, € - )
4e — 8
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Odredite teZiste homogenog lika gusto¢e 1 omedenog grafovima funkcija
f(x) = X i g(x) =1 — x? na segmentu [0, 1].

—r

x (e°—1+x?) dx

XT =
(e — 1+ x?) dx

o
o%l—‘

(ezx —142x2 - X4) dx

C—r

YT

y

(e — 1+ x?) dx

N
Of—

Poglavlje 9 Primjena integrala ak. god. 2021./2022. 90 /118



o—_ .

X (ex

—1—|—x2) dx

1
XeXdX+/ x+x
0

,—/HO

1 1
/exdx—i—(
0 0
1
—_ X —_—
e—e 2
0
e—e+1—-
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u=x = du = dx
dv=¢e"dx = v=2¢€"

14
x+4x>

0

ak. god. 2021./2022.

01/118



o .

1 2 1
(e2x—1+2x2—x4) dx = <2e2xx+3x35x5) 0
1, 2 1\ 1
= [(Ze2—142_2)_-=
(2e T3 5) 2
_ 15¢*-31
N 30
1 ) 1
/(eX—1+X2) dx = <eX—X+3x3>
0 0
1
= —1+=) -1
<e +3>
~ 3e-5
B 3
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Koordinate teZista:

T 9 15e? — 31
~ \12e — 20’ 60e — 100

\j
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Odredite teZiste homogenog tijela gustoce 1 dobivenog rotacijom podrugja

omedenog krivuljama f(x) = x? i g(x) = X; na segmentu [0, 1].

a) oko osi x
1 4
fx<x4— %) dx
XT = 0
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Koordinate teZista: T

g
I
b0
I
£
o
c
2
£
o
(=)}
2
=
&
b0
o
o




b) oko osi y

y = f(x) y = g(x)
X2
R e
VAR o=y
) = W g iy) = V2y
x=0 — y=0
x=1 — y=1
XT—O
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o .

o

y(2y —y) dy

(2y —y) dy
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Koordinate tezista: T = (0,1)
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9.4 Duljina luka ravninske krivulje
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Duljinu luka krivulje y = y(x), x € [a, b] odredujemo po formuli:

b

s:/ 1+ y/'(x)? dx

a
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Odredite duljinu luka krivulje y = ch x na segmentu [0, 1]. l

/

y' = shx

1
s = /v1+sh2xdx
0
1
= /VCh2XdX
0
1

= shx

0
= shl-shO
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Odredite duljinu luka krivulje y = x? na segmentu [0, 1].

y = V2= & Promatrat ¢emo: x = x(y)
3 _ 2
/ 2 1 o=
y = —X 3
3 X = A /y3 = y%
1
4 2 / 31
— — = —Vy2
s /\/1—1— 9x 3 dx X 5Y
0 o _ x=0 — y=0
Nije jednostavno integrirati! x=1 y = 1

m]

)
I
I
it
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9 4
dt = - d —dt=d
2 Y7 9 Y
y=1—1t
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Odredite duljinu luka krivulje y = In x na segmentu [\/§, \/§]

<
Il

1
X
V8

o e

3
V8

- e

V3
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V8

/\/xz—l—l
— dx
X
V3
2 =1+ x? = x=Vt2-1 x=V3 = t=2
Ztdt =2xdx = £ dt —dx x=V8 — t=3
V2 -1
t dt
VE2—1 Ji2-1

(i)
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==

X > ~ o

3 3
/dt+/ t—l) D) dt = (%)
2 2

A
A LB e
t—1+t—|—1 /(

Alt+1)+B(t—-1)
t(A+B)+A—B

A+ B
A-B
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; 13d 13d
t t
Jars [ Zres [ e
2 2

2
2
3 1 3 1 3
t +§In|t—1| —§|n|t+1\
2 2 2
1 1 1 1
3—2+§|n2—§In1—§In4—|—§ln3
1 2.3
1+ =In—
Tty
1 3
1+ =In=
T3y
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Odredite opseg kruZnice radijusa R. l

A
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; 1
R | ——=—= dx
0/,/R2_X2

R

X
R - arcsin—
R

R . R . 0
- | arcsin— — arcsin—
R R
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Oo

Oo

Rx

2R7
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Odredite duljinu krivulje y = e* na segmentu [Inv/3,Inv/15 .

y=e
y/:eX
Inv/15
s = /\/l—i-ezxdx
In\/§
!1+e2X:t2 = er:t2_1 )
2% t dt
dx =2tdt = dx=
_ ZeXdx =12 =5
x=1InV3 s t=1\/14enV3 =2
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=) == =

N

A B )
AT . -1
t—1 * t+1 // (t )

= A(t+1)+B(t—-1)
= t(A+B)+A-B

= A+B
= A-B
ig=_1

2
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(4—2)+%(|n3—|n1)—%(|n5—|n3)

In5
24+In3— —
+In >
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Odredite duljinu krivulje x5 + y3 = 1.
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N W

1
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2 2
X§+y§:1
y%:].—X%
2

3

/

=~ (1-

Y 2(
y’——(l—
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1
3 dx
0
3
2—6
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